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UNIT I : ELECTROSTATICS

Coulomb’s Law — Charge distributions — Lines of force and flux — Gauss law and its
applications — The potential function — Poisson’s equation and Laplace equation —
Equipotential surfaces — Field due to continuous charge distribution — Energy associated

to an electrostatic field — Electrostatic uniqueness theorem.

1.1 Introduction

The theory which describes physical phenomena related to the interaction between
stationary electric charges or charge distributions in space with stationary boundariesis
called electrostatics. The forces on all stationary charges are purely electrical. Charge is
the fundamental characteristic property of the elementary particle that constitutes matter.
The fundamental law for electrostatic forces is Coulomb’s law. The basic concepts and
other laws of electrostatic can be derived from it.
1.2Coulomb’s Law

According to Coulomb, the force of attraction or repulsion between two electric
point charges is directly proportional to the product of magnitude of two charges and
inversely proportional to the square of the distance between them. The direction of force
is always along the line joining the two charges. For the charges of opposite sign, the
force is attractive while that for the same sign, it is repulsive.

Consider two point charges q and Q separated by a distance r (Figure 1.1a).

Mathematically the force F of interaction between two point charges is given by

«— y —>
& > T
q F Q
Figure 1.1a
Fag
p
F-k 99

where K is known as proportionality constant and is equal to 1/4meo, hence we write

F-_1 99; 11
e, 1

The equation 1.1 is known as Coulomb’s law of force in electrostatics.
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Statement: The force of attraction or repulsion between any two point charges is directly
proportional to the product of magnitude of charges and inversely proportional to the
square of the distance between them.

The constant gois called the permittivity of free space. In MKS units, the force,
distance and charge are measured in Newton, metre and Coulomb respectively. Thus gy=
8.85 x 10 C*-N"*-m?,

1.3 The Electric field strength

The region surrounding any electric charge or group of point charges, in which the
effect of its electrostatic force can be experienced is called an electric field. The strength
of electric field i.e. electric field strength (E) is defined as the force experienced by a unit
positive test charge placed at that.

Consider some point charges qi, g2, Q3. ....... qn at distances ry, ro,....... rn from the

test charge Q as shown in Figure 1.1b.

+q;

+q,

+q3

+q,

Figure 1.1b

According to the principle of superposition, the total force acting on a test charge due to
all other charges is

FoF 4R 4F oo 12

Are, | 1, r,
F= Q _é _|__§ T
ey 1,
Fo Q $a 13
Ane, 3T,
F=QE --14
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Where E =+ Zq—; - 15
47580 i=1 I‘i
= 1 &q.
or E = —'r.
4re, ,Z;‘ 2

is called the electric field strength. The electric field varies from point to point. The
electric field intensity can be defined as the force per unit charge and is measured in
Newton/Coulomb.
1.4 Charge distributions

The forces and electric fields due to point charges are only considered so far. But
practically in addition to point charges, there is a possibility for the existence of
continuous charge distributions along a line, on a surface or in a volume. Thus there are
four types of charge distributions, which are
a. Point charge
b. Line charge
c.Surface charge and
d. Volume charge
a. Point charge distribution

If the dimension of a surface carrying charge is very small compared to the region
surrounding it, then the surface can be treated as a point and the corresponding charge is
called a point charge. The point charge has a definite position but not a dimension as

shown in Figure 1.2a. The point charge can be either positive or negative.

+
++*+ + + + + + +_:'+"‘+
. + + + + +
(a) (b) (© (d)

Figure 1.2
b. Line charge distribution

It is possible that the charge may be extended along a line. Such a uniform
distribution of charge along a line is called a line charge. This is shown in
Figure 1.2b.The line charge density is denoted by A and is defined as charge per unit
length.
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_ Charge
Unitlength
c. Surface charge distribution

Coulomb / metre

If the charge is distributed uniformly over a two dimensional surface then it is
called a sheet of charge or a surface charge. The surface charge is shown in Figure 1.2c.
The surface charge density is denoted by ¢ and is defined as charge per unit surface area.

oo Charge

= Coulomb / metre?
Unitarea

d. Volume charge distribution

If the charge is distributed uniformly in a volume then it is called volume of
charge. The volume charge is shown in Figure 1.2d. The volume charge density is
denoted by p and is defined as charge per unit volume.

Charge

p=—+—2"— Coulomb/metre®
Unit volume

1.5 Field due to continuous charge distributions

The definition of the electric field i.e. equation 1.5 assumes that the source charge
is a set of discrete point charges g;. However, we may consider these charges as the
continuous charge distribution over some region (i.e. distributed continuously over some
region).

In each case, we can divide the total charge into several infinitesimal parts, each
of which can be considered as a point charge. We thus represent the total charge as a
continuous collection of point charges and obtain the field intensity at any point due to
the total charge as the vector superposition of the field intensities due to individual point
charges. However, now we have to evaluate integrals instead of summation of a few
terms since the distribution of charges is continuous as a substitute of being discrete.
Hence in equation 1.5, the summation may be replaced by an integral i.e.

P quf 16

4re, 1’

1.5.1 Electric field due to line charge

Consider a line charge distribution having a linear charge density A as shown in
Figure 1.3a. The charge dq on the differential length dl is Adl.

Hence the electric field dE at a point P due to dq is given by

dg adl

dE = > I = > f - 1.7
4mer 4, r
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The total electric field at a point P due to line charge can be obtained by integrating eqgn.

1.7 over the length of the charge

[da d;/
dl A

(a) (b) ()
Figure 1.3

1.5.2 Electric field due to surface charge
Consider a surface charge distribution having a surface charge density ¢ as shown
in Figure 1.3b. The charge dq on the differential surface area ds is ods.

Hence the electric field dE at a point P due to dq is given by

dq ods ;

dE = P = 5
4 v

- . --1.9
4me r

The total electric field E at a point P due to surface charge can be obtained by integrating

equation 1.9 over the surface area is

E= L [ =5 [ods] 110
Ty outtace
1.5.3 Electric field due to volume charge
Consider a volume charge distribution having a volume charge density p as shown
in Figure 1.3c. The charge dq on the differential volume dt is pdt.Hence the electric field
dE at a point P due to dq is given by

dg .- pdt ;

dE 5 5
4mer 4me r

--1.11

The total electric field at a point P due to surface charge can be obtained by
integrating egn. 1.11 over the volume in which charge is accumulated.

L [ 5 [pde] 112

47[:80 Volume r

E=
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Thus all type of charge distribution is possible. Therefore the total electric field at
a point is the vector sum of individual electric field intensities produced by all charges at

a point. Hence

Eroa =Ep +EL +Es +Ey ---1.13
where Ep, E(, Es and Ey are the field intensities due to point, line, surface and volume

charge distributions respectively.
1.6Lines of force and flux

The concept of lines of force is a convenient way to express the electric fieldE. A
line of fore is an imaginary line or curve drawn in such a way that its direction at any
point gives the direction of the electric field at that point. The total number of lines per
unit cross sectional area is called as the flux density and is proportional to the magnitude
of the electric field E. The number of flux lines also depends on the magnitude of the
charge. The flux density is stronger in the region where the field lines are very close and
Is weaker in the region where the field lines are far apart.

The properties of the filed lines are summarized as follows.
1. They emanate from a positive point charge an end at a negative point charge
symmetrically in all possible directions (Figure 1.4a).
2. They originate on positive charges and terminate on negative charges (Figure 1.4b).

o Sal

N INT

N\ 1/

Figure 1.4
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3. They can never cross each other.
4. There is more number of lines if electric field is stronger.
5. The lines are independent of the medium in which charges are placed.
6. The lines always enter or leave the charged surface normally.
1.7 Gauss law and its applications

Gauss law is the inverse of Coulomb’s law. By Coulomb’s law, one can calculate
the electric field E for a given charge. But the Gauss’s law enables us to determine charge
only if E is known.

Gauss’s law gives a relation between the flux over any closed surface, called
Gaussian surface and the total charge enclosed within the surface.
Statement: “The total electric flux over any closed surface is equal to (1/¢o) times the total
charge enclosed within the surface”.
Proof: As the electric field strength is proportional to the number of lines per unit cross
sectional area (i.e. area perpendicular to the direction of lines of force), the flux of E(i.e. [
E-da) through any surface is proportional to the number of field lines passing through that
surface.

Now let us consider a point charge placed in the origin, and then the flux of E

through a sphere of radius r is

[E-ds= | L 9% |.as 114
Surface Surface 47'580 r
According to spherical coordinates, ds = (r2 sin 6 dO d¢ ?), hence
q. 2 o 5
E-ds= — -(r sin 0 dO d¢ r) ---1.15
Suiace Surface 4'TCSO [r ’ ]
1 /. . 5
jE-ds: (gf)-( sin 6 do do 7)
Surface Surface 4'TE‘C;O

[E-ds= [ —2—(sinododp)

Surface Surface TE

[eds= [ 2 (sinododp)

Surface Surface 4TCSO

[E-ds=—"— [(sinododp)

Surface TE Surface
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[E-ds=—an [ I(sin6d6d¢)=4n}

Surface 4TCSO Surface

J.E-ds:i

Surface 80
jE-ds:(ijq —-1.16

Surface gO

From equation 1.16 we note that the radius of the sphere cancels out, i.e. the same
number of field lines passes through any sphere centred at the origin regardless of its size
and shape. Hence the flux through any surface enclosing the charge is equal to (g/<o).

If there are number of charges at the origin instead of a single charge, then
according to the principle of superposition the total electric field is the sum of all the
individual fields. Thus

E-YE,

L)
N

Figure 1.5

Py

Then the flux through any surface enclosing all the fields is

| E-ds:i{ J.Ei-ds}

Surface I | _Surface

51
[ Eds=)"|—q,
Surface i L%
As shown in Figure 1.5, a charge outside the surface would not contribute
anything to the total flux, since its field lines enter in one side and emerge out the other

side. Therefore for any closed surface, the total flux is
1
J.E -ds = |:_QEncIosedj| --1.17
Surface €y
Where Qenclosed =1+ Q2+ Qs+ - - - is the total charge enclosed within the

surface. This is Gauss’s law. The equation 1.17 is also known as the ‘integral form of

Gauss’s law’.
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1.7.1 Differential form of Gauss’s law
A differential form of Gauss’s law for continuous charge distribution is obtained
by applying the divergence theorem to equation 1.17
[E-ds= [(V-E) dr —-1.18

Surface Volume

The charge enclosed within the surface S can be expressed in terms of the charge

density pas

QEncIosed = jp ' d’C

Volume

Now the Gauss’s law (i.e. equation 1.17) becomes

[E-ds= | (gip)dt - 1.19
0

Surface Volume

Comparing equations 1.18 and 1.19, we get

[(V-E) de= | (ipjdt —-1.20

Volume Volume\ ~0
The equation 1.20 is hold good for any integral and hence the integrands must be

equal. Therefore
V.Ez(ipj 121

Equation 1.21represents the differential form of Gauss’s law.It states that the divergence
of the electric field intensity at any point is equal to (1/g) times the volume charge
density at that point. This is Maxwell’s divergence form of electric field, E.
1.7.2 Applications of Gauss law

Gauss’s law can be used tocalculate the electric field Efor symmetrical charge
distribution, such as point charge, an infinite line charge, an infinite sheet of charge and a
spherical distribution of charge.The symmetry is crucial for the application of Gauss’s
law in its integral form. There are only three kinds of symmetry. They are
(i) spherical symmetry,
(ii) cylindrical symmetry and

(iii) plane symmetry.
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(a) Electric field due to a uniformly charged sphere or due to spherical charge
distribution

Consider a uniform spherical charge distribution of radius R. Let q be the total
charge on the sphere and pbe the volume charge density. Now our aim is to find the
electric filed intensity at a point P (i) outside the sphere, (ii) on the sphere and (iii) inside
the sphere.
Case (i):At a point outside the sphere

Let us consider a point P at a distance r from the centre O, such thatr > R. To find
the electric field at a point P, imagine a Gaussian spherical surface of radius r as
illustrated in Figure 1.6a. By symmetry the E at all points on the Gaussian surface is equal

and normal to the surface.The flux through the surface is given by

IE-ds = jEds (angle between E and ds is zero)

Surface Surface

Since E is constant over the Gaussian surface, then

E Ids =E-4nr?
Surface
/7 pp T \'\P P
/ /
/ \
I ‘|
| I
3 /
\ ’
(a) (b)
Figure 1.6
By Gauss’s law E-4mr?=4
€9
19
or E= — Newton/Coulomb  --- 1.22
4me, 1
= 1 q.
or E= — ' Newton/Coulomb ---1.23
drg, 1

Thus the electric field at any point outside the charged sphere is the same as if the charge

on the sphere concentrated at the centre.
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Case (ii) At a point on the surface of the sphere
Here r = R, (Figure 1.6b) hence

E= 1 iz Newton/Coulomb ---1.24
4me,
or E= izf Newton/Coulomb ---1.25
4rne, R

Case (iii)At apoint on the surface of the sphere
Let the point P be inside the sphere at a distance r from the centre O. Construct a
Gaussian sphere with radius r passing through the point P as shown in Figure 1.6¢. Then

according to Gauss’s law,

[E-ds .
Surface &y
In this case, the volume charge density p = 2 g
(jn R?®
3
But jE -ds =ip(ﬂ}cr3
Surface €o 3
E Ids :ip ﬂjnr‘*
Surface €9 3
E-4nr® = ip(ﬂjn ré
€ \3
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---1.26

or ---1.27

Thus the electric field intensity at appoint inside the sphere depends on r. It is maximum
atr=R.
(b) Electric field due to a uniformly charged cylinder

Consider a portion of a uniformly charged infinitely long cylinder with radius
aand surface charge density . Now we wish to find the electric field at a point P which is
at a distance r from the axis of the cylinder. For this construct a Gaussian surface in the
form of a cylinder of length | with radius r and coaxial with the charged cylinder as
shown in Figure 1.7.
The flux through the cylindrical Gaussian surface is

.[E-ds=E.[ds=E2an

Surface

- (Gaussian Surface

4
'

- —-—

o

=
|

|

|
-
;

|

|

|

|

|

|

______________

Figure 1.7

According to Gauss’s law,
I E- dS :(ij Qenclosed
Surface &y

j E-ds _1 [Total charge enclosed within the Gaussian surface]
Surface &

The total charge enclosed by the Gaussian surface is given by
Charge = volume x volume density of charge
Hence the charge enclosed in Gaussian surface = rlp

IE-dS :inrzlp

Surface €y
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E st =inr2|p

Surface €o

E-2nrl = in r’lp

€
or E=_P -1.28
2¢,
or E= r—pf ---1.29
2¢,

Thus the electric field E inside a charged cylinder is directly proportional to the distance
of the point from the axis of the cylinder.
(c) Electric field due to an infinite plane of charge

Consider a portion of an infinite thin non-conducting plane sheet of charge as
shown in Figure 1.8. To find the electric field E near it, construct a Gaussian surface of
cross-sectional area A in the form of a pill-box extending equal distances above and
below the planeas shown in Figure 1.8. The direction of the electric field E is normal to
the end faces andaway from the plane. No lines of force pierce through the curved surface
of the pill box, therefore the curved surface does not contribute to the flux.i.e.

jE-da = 0. Hence the total flux is equal to the sum of the contribution from the two
Surface

end faces. Thus

1
J. E-ds= K_JQEnclosed
&

Surface 0

E >Gaussian Surface
@ ) (pill-box)

~~~~~

g v
A Y
>
Z

II

]
o=
AN

Figure 1.8
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I E-ds=EA+EA= (ij QEncIosed
e

Surface 0

J. E-ds=2EA = (iJ QEncIosed
e

Surface 0

The total charge enclosed by the cylinder is GA.

Hence
1
[ E.ds = 2EA = (—]GA
Surface 80
2EA="R org= A
€ 2A¢g,
or E-_9
2¢,
or E="2# - 1.30
2g,

In equation 1.30,1 is a unit vector pointing away from the surface. Here we note
that the electric field is independent of the distance of the point from the sheet. So E is the
same for all points on each side of the sheet.
1.8The potential function

The electric field around a charged body can be described not only by the electric
field intensity E but also by a scalar quantity called the electric potential V.

The electric potential at a point in an electric field is defined as the amount of
work done by an external agent in moving a unit positive charge from infinity to that
point against the electrical force of the field. If W is the amount of work done in bringing

a positive test charge Q from infinity to a point in the electric field, then the potential at

that point is
v-W - 1.31
Q
If W is measured in joules, Q in Coulombs, then the potential V is in volts. Hence
1 Volt = —-Joule_ - 1.32
1 Coulomb

Since both W and Q are scalar quantities, the potential V also a scalar.
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1.8.1 The potential difference
Consider two points A and B separated by a distance r as shown in Figure 1.9. The
potential difference between two points is numerically equal to the work done in moving

a unit positive test charge (q) from one point (a) to another point (b).

q Q

@ > &

a b

€ r >
Figure 1.9

Thus the potential difference between two points a and b is defined as

V(b) - V(a) = % --1.33

where, Wy, is the work done by an external agent in moving a positive test charge q from
atoh.
1.8.2 Relation between V and E

Consider two points a and b in an electric field as shown in Figure 1.10. Let the
charge g is moved from a to b along the path as shown by the external agent. The electric
force exerted on q by Q is qE. The external agent would supply an equal and opposite

force F on the charge in order to move it. Hence the force is

F=—qE --1.34

Figure 1.10
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The charge moves a small distance dl along the closed path by the application of above

force. Therefore the work done by the external agent is
dw=F-dl

--1.35

The total work done in moving the charge from a to b is obtained by integrating the

equation 1.35.
b
[dw =w,, = [F-dl
Substituting equation 1.34 in 1.36, we have

W, :j.(_qE)'dl

Wab:—qiE-dl
W _ fe.
; .!:E dl

But by definition

V(b)-V(a) = We (From equation 1.33)
q

Hence, the potential difference between the points a and b is
: 1.37
V(b) - V(a) :—IE-dI R

From the fundamental theorem of gradient, we have

(Vf)-dl=f(b)-f(a)

D e T

(VV)-di=V(b)-V(a)

D e T

Now, using equation 1.37, the equation 1.38 can be written as

D ey T

(VV)-dI=—j'E-dI

---1.36

---1.38
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This is true for any points a and b, therefore the integrands must be equal. Therefore

E=-VW ---1.39
Thus the electric field is the gradient of a scalar potential.
1.8.3 Potential due to a point charge
Consider a positive point charge Q. The electric field of Q is radially outwards as
shown in Figure 1.11.
Let a test charge g be moved along a radial line from a to b to calculate the

potential difference between them.

WY AN

@
1

L | TR >
Figure 1.11
From equation 1.37, we have
b
V(b)-V(a)=-— j E-dl - 1.37

As E points in the right direction and test charge q is moved towards left i.e. b, E and dI
are 180° apart. Therefore E.dl = —E.dl. Thus the eqn. 1.37 becomes

V(b)—V(a)=TE~dI

Since the distance r is measured from charge Q i.e. right and dl is measured towards left
i.e. b, then dl = —dr. Hence the equation 1.30 becomes as

V(b) - V(a) = —TE dr - 1.40

The electric field of a point charge is (From equation 1.5)

1 g,
— I
e, r

E=
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If the point a is situated at an infinity, then r = co. Hence V(a) = 0. Thus rp = r, then the

potential at b is represented by V.

vo 9 |1 - 141
Are, | 1

v=_J —-1.42
4me, v

1.9 Poisson’s and Laplace equation

The electric field E can be written as the gradient of a scalar potential

E=-VW ---1.39
Taking divergence on both sides of equation 1.39, we get
V-E=-V-(VV)
V-E=-V?V - 1.43

I.e. the divergence of E is the Lapalacian of V
The differential form of Gauss law is

1
V-E= (—pj 121
€

Comparing egns. 1.43 and 1.21, we have

1
VAV = —(—p} - 1.44

This is known as Poisson’s equation.

For Cartesian coordinate system

v.vvzi(ﬂj+i(ﬁj+i(ﬁj
ox\ox) oy\oy) oz\ oz
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2 2 2
vovv=[ZY] [2V), (2
OX oy oz
Poisson’s equation for Cartesian coordinate system can be written as
2 2 2
VZV: 8\2/+6\2/+a\2/ :—ip -— 1.45
oX oy 0z € :

If there are no charges in the region, i.e. for free space p=0. Hence equation 1.44 becomes

vaz_(Ejzo 148

€o

This is known as Laplacian equationand is valid only in the region of free charges.

From equation 1.45, we have

2 2 2
V2V=(a \2/j+(8 \!j{a \2/}0 - 147
OX oy oz :

This second order partial differential equation relating the rate of change of potential V in

three space must be satisfied for any charge free region
An alternate of equation 1.47 is V-E = 0.

It means that the number of lines of electric field strength emerging from a unit
volume is zero or lines of electric field strength are continuous.

Poisson’s equation is a differential equation which relates the potential at a point
to the volume charge density at that point. If the volume charge density in a region is
zero, then Poisson’s equation reduces to Laplace’s equation. Laplace’s equation states
that the Laplacian of the electrostatic potential in a region devoid of charges is equal to
zero,

If we take the curl of E, then
VXxE=Vx(-VV)=0

i.e. the curl of gradient is zero. The curl law is used only to show that the electric field E

could be expressed as the gradient of a scalar.
1.10Equipotential surface

In an electric field, there are many points at which the electric potential is the
same. There can be number of points which can be located at the same distance from the

charge. The locus of the points, all of which have the same electric potential, is called an
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equipotential surface. In other words, an equipotential surface is an imaginary surface in
an electric field of a given charge distribution, in which all the points on the surface are at
the same electric potential.

The potential difference between any two points on the equipotential surface is
always zero. It means the work done to move a test charge from one point to another in an
equipotential surface is zero. For a particular charge distribution, there can be many
equipotential surfaces existing in an electric field.

Consider a point charge sited at the origin of the sphere. The potential at any point

which is at a distance r from the origin i.e. point charge is given by (From equation 1.41)

__Q --1.41
Ame 1

Therefore the potential is the same at all points which are at a distance r from Q
and the surface joining all such points in the field is called an equipotential surface.

There exists other equipotential surfaces in the field of a point charge at r=ry, r=ry,
..... in the form of concentric spheres as shown in Figure 1.12.

It can benoted that the potential V is inversely proportional to the distance r. As a
result Vi at ry is the maximum and it goes on decreasing with the increase of r. Thus
Vi>Vo>Vse> However, the potential of equipotential surfaces goes on increasing as
one move from infinity to the position of the charge i.e. against the direction of electric
field.

In the case of uniform field, the equipotential surfaces are perpendicular to E and

are equispaced for fixed increment of voltages.

Equipotential
surfaces

~

-
- -

- A
A

Figure 1.12
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The work done to move a charge along a circular path of radius r; in the direction
of dl as shown in Figure 1.13a is zero. This is because E and dl are perpendicular to each

other. Thus the electric field and equipotential surfaces are mutually perpendicular.

Figure 1.13a
However, in the case of non uniform field the field lines tend to diverge in the
direction of decreasing E. Hence equipotential surfaces are still perpendicular to the
direction of E but are not equispaced for fixed amount of increment voltages as shown in
Figure 1.13b.

AV

Unequally spaced
Equipotential surfaces

Figure 1.13b

1.11 Energy associated to an electrostatic field

Electrostatic energy may be considered as the energy obligatory to launch a given
charge distribution in space. Let us calculate the amount of work required to assemble of
point charges. For simplicity here we consider only three charges placed in free space as
shown in Figure 1.14.
First consider the charge g;. No work has to be done to bring the first charge q; at P,
since there is no field initially to oppose the motion of charge q;. However, work is
needed to bring the charge g, nearer to q; at P,. The work required to place the charge q»
at P, is

W, =0, Vi () -1.48

where V is the potential due to charge q; at P».
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Py

9] PZ

q
Figure 1.14

But the potential at any point in space is given by

V=1
4me,r

Therefore

g,
V. (P,) =
() 4ng,l,

- 141

~-- 1.49

where ry; is the distance between g; and gz, when they are at P; and P, respectively.

Substituting equation 1.48 in 1.49, we have

g,
W. =
2 =G 4me, I,
or sz% L (&]
4dng, \ 1,

Then the work required to bring gs is
W; =0, V1,2 (Ps)

Where V , is the potential due to charges g; and g at P3

1 q q
V,,(P,) = L+ =2
L|(G],(%
dme, |\ s f23
Therefore the total work done to assemble the three charges is
W = W+Wr+W3

Therefore

W3 =0,

---1.50

--151

---1.52

---1.53

154
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W. = 1 (qqQ, n 1 (09, " 1 (0,9,
2 dne, 1, Are, | I, drg, (| Ty

w, = quqzj{qlqa} qzan e
Ameg |\ 1, s s )|
In general
1 n n qq
W i - 1.56
=33l

i
In equation 1.56, j>I indicates that not to count the same pair twice.

An alternate way to accomplish this is, count each pair twice and divide then by 2.

Wzsisoizl: lel H%ﬂ

= 1)
i

1< - 1 qq;

w==%g, = A ---1.57

2; Jz_l: Ane, T
i

The term within the parenthesis represents the potential at P;, i.e. the position of g; due to
all charges.Thus
W =%Zqi V(P) 158
i=1
The equation 1.58 represents the amount of energy stored in the configuration.
For a continuous charge distribution, we have for a volume v. Therefore the total
charge can be represented by

g= der ---1.59

Volume
If V is the potential at the potential at the point occupied by the charge pdr, the electric
potential energy of such a distribution is

w=t j pVdt ---1.60

Volume

From differential form of Gauss law, we have

V.E :(ipJ 161
€9
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or ---1.62

Putting equation 1.62 in equation 1.60
w 1 ISO(V- E)Vde
Volume
€o

W==2 [(V-E)Vdr - 1.63

Volume
From the vector product rule, we have

V-(EV)=V(V-E)+E-(VV)

(V-E)V=V-(EV)-E-(VV)
But E=-VV, hence

(V-E)V=V-(EV)-E-(-E)

(V-E)V=V-(EV)-FE? --- 1.64
Putting equation 1.64 in 1.63, we obtain

W =%° [[v-Ev)-E2]ar

Volume

W =%{ [v-(EV)de- jEzdr}

Volume Volume

By applying the divergence theorem to the first integral, we get

[V-EV)dt= [(EV)-ds

Volume Volume

Thus the total work done is

W

8—20[ j (EV)-ds— j Ezdr} --- 1.65

Volume Volume

Since the potential V a%,fieIdE ocriz and surface ds o r?>, then the product

2

1 . . .
EV.ds = ‘= . Thus if we pick larger and larger volumes, then the surface integral

=1

1

_[(EV)~ds becomes vanishingly small (because r becomes larger). Therefore the first

Volume
term in equation 1.65 can be neglected and in particular the integration is taken over all
space. Therefore

w =20 jEZdr - 1.66

AllSpace
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1.12 Electrostatics Uniqueness Theorems

The boundary value problem can be solved by number of methods such as
analytical, graphical, experimental, etc. Thus there is a question that, is the solution of
Laplace’s equation solved by any method, unique? The answer to this question is the
uniqueness theorem.

Statement: Any solution to Laplace’s or Poisson’s equation which also satisfies
the boundary condition must be the only solution that exists. It gives the uniqueness of the
solution.

Consider a volume V surrounded by a surface S having charge density p. Let V3
ad V; be the two potentials satisfying Poisson’s equations as

vV, =-2  and viv,=-P - 1.67

€ €

Equation 1.67 suggest the formation of a difference potential as and it satisfies the
Laplace’s equation as

VV,=0 and V?V,=0 --- 1.68
Assume that V; and V, are also the two solutions of Laplace’s equation. Both are the
function of the coordinates of the system used. These solutions must satisfy Laplace’s
equation.
At the boundary, the potentials at different points are same due to equipotential surface.
Then

Vi=V, ---1.69
Let V, be the difference between the solutions. Hence
V-V, =V, ---1.70
Using Laplace’s equation for the difference Vg, we have
VAV, =V*(V,-V,)=0 ---1.71
V3V, -V?V, =0 - 1.72

At the boundary V, = 0 (Using equations 1.69 and 1.70)

From Gauss divergence theorem, we have

[(v-A)di= [A-ds 173

Volume Surface
Let A=V,VV, and from vector algebra
V-(af)=a(V-F)+F-(Va)
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Put o = Vg and VV, = f. Hence we have
V-(V,VV,)=V,(V-VV,)+VV,-(VV,)
But V.V=V?
Therefore V-(V,VV,) =V, (V3V, )+ WV, - WV, - 1.74
Using equation 1.71, we write

V-(V,VV,)=V,(0)+VV,-VV, =VV, - WV,

V-(V,VV,)=V-(A)=VV,-VV, - 1.75
Using equation 1.75, 1.73 can be written as
[V-(VoVV,) de= [(V,VV,)-ds —-1.76
Volume Surface

[0V, - V) de= [(VVV,)-ds - 1.77

Volume Surface

Since V, = 0 at the boundary, the right hand side of equation 1.77 is zero.
[(7V, - vV, ) de=0

Volume

This is the volume integral to be evaluated on the volume enclosed by the boundary. It is

well know that Y -Y :|Y|2.

J‘|VVO|2 dt=0 asVV,isa vector

Volume
The integration can be zero under two conditions
(i) The quantity under integral sign is zero.
(if) The quantity is positive in some regions and negative in some regions by equal
amount and hence zero.
But square term cannot be negative in any region hence, quantity under integral

must be zero.
YV, =0
VV,? =0
As the gradient of Vo= V; — V, = 0 means V; — V; is constant and not changing with any
coordinates. But at the boundary, it can be proved that V1 — V, = constant = 0. Therefore
V1=V,

This proves that both the solutions are equal and can not be different.
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Thus the uniqueness theorem can be stated that if the solution of Laplace’s
equation satisfies the boundary condition then the solution is uniqueirrespective of the
method it is obtained.Also the solution of Laplace’s equation provides the field which is

unique, satisfying the same boundary conditions in a given region.
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UNIT Il - MAGNETOSTATICS

Lorentz force — Faraday’s law — Magnetic field strength and Ampere’s circuital law —
Biot-Savart’s law — Ampere’s force law — Magnetic vector potential — Equation of
continuity — The far magnetic field of a current distribution — Magnetic field due to
volume distribution of current.

2.1. Introduction

The electrostatics field exist due to charges at rest. The magnetic field exists due
to a permanent magnet, motion of charges or current elements.

When the charges are in motion, they are surrounded by a magnetic field. The
flow of charges constitutes an electric current. Thus a current carrying conductor is
always surrounded by a magnetic field. If a current flow is steady then the magnetic field
produced is also a steady magnetic field. The direct current (d.c.) is a steady flow of
current hence the magnetic field produced by a conductor carrying d.c. current is a steady
magnetic field. The study of steady magnetic field produced due to the flow of direct
current through a conductor is called “magnetostatics”.

2.2 Lorentz force

In a given magnetic field, the magnitude of the force on a charge is proportional to

the magnitude of the charge Q and to the speed v of the charge. It has also been found to

be proportional to the sine of the angle between the velocity v and the magnetic field

induction B.
Therefore
Fuegnee ¢ Q (VxB) —-21
Fusgneic = K Q (v B)
In S.1. units, K=1, hence
Fuegneic = Q (VxB) 2.2

The force experienced by a charge Q in an electric field, E, is

I:Electric= Q E
If both electric and magnetic fields are present in a region, then the force experienced by
a charge Q moving with a velocity v is given by the sum of the electric and magnetic
forces i.e.

I:Total =F= FMagnetic +FEIectric - 2.3
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F= Q (vxB)+QE
F= Q[(vxB)+E] 24

or F= Q[E+(vxB)] =25

This force is known as Lorentz’s force law or Lorentz’s force equation and the force
given by it is known as the Lorentz’s force.
2.3 Faraday’s law

The space around a magnet yields the magnetic field B. The total magnetic lines
of force across a given area is called the magnetic flux ¢. When a magnet is introduced
into the coil, each turn of the coil cuts the flux lines. The rate of cutting these lines i.e.
(d¢/dt) depends on the speed of introducing the magnet. If the coil and the magnet are at
rest then (d¢/dt) = 0, even though the magnetic lines are linked with the coil. According
to Faraday, the magnitude of induced emf in a coil is equal to (d¢/dt).

It is an experimental observation that an emf appears in a circuit when the
magnetic flux through the circuit changes from any cause. Whenever the magnetic flux
linked through a closed conductor is changed, an emf is induced in the conductor. The
magnitude of this induced emf is equal to the negative time rate of change of magnetic

flux through the circuit. i.e.

__do
dt
The emf induced in a loop of wire moving in the presence of a magnetic field is given by
the flux rule.
d¢
e=—— --26
dt

In this case the magnetic force sets up the emf when the stationary loop moves in
the magnetic field. Keeping the loop as stationary and if the magnet is moved then the
magnetic flux in the neighbourhood of the loop is changed. This change in magnetic flux
induces an electric field and the emf is the same as above. Thus, we can write

IE-dIzez—d—q) 2.7
dt

where E is the electric field.
Equation 2.7 is Faraday’s law in integral form. Stoke’s theorem is used to convert it into

differential form.
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---2.8

Comparing egns. 2.7 and 2.8, we have

[(vxE)ds __9% 2.9

Surface

According to Gauss’s law, the total electric flux passing through the surface is equal to

the surface integral of magnetic field density over the surface.

o= [B-ds
Surface
Substituting the value of ¢ in equation 2.9, we get
j(les)ols,:—@:—E B-d - 2.10
dt dt

Surface Surface

I(VxE) ds = I B s

Surface Surface

or (vxE)=-28 211
ot

The above equation 2.11 relates the space derivatives of E at a particular point to the time
rate of change of B at the same point.
2.4 Magnetic field strength and Ampere circuital law

Amagnetic field at any point is characterized by another physical quantity called
intensity of the magnetic field (H). The quantitative measure of strongness or weakness of
the magnetic field is given by the magnetic field intensity or magnetic field strength.
The magnetic field strength at any point in the magnetic field is defined as the force
experienced by a unit north pole of one weber strength, when placed at that point.
Consider a current carrying wire as shown in Figure 2.1. Now it is possible to determine

B at all points in a region about a long current carrying wire.

>

dl

Figure 2.1
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For a homogenous medium, the amount of magnetization B due to a current
carrying wire is (i) proportional to the permeability (n) of the medium (i.e. B a p),

(i1) proportional to the current I flowing (B a I) and (iii) inversely proportional to the

distance r from the current carrying wire [Bal) Therefore
r

BOLMTI ---2.12

Where 1 = W, Mo (K =is the relative permeability)

B:K“TI ---2.13

B= Zu_nlr { K= 2—1J ---2.14
In other words, the magnetic field intensity or strength of the magnetic field H at a point
Is defined as the ratio between the magnetic field B and the permeability of the
surrounding medium. Thus

-8 - 215

9

The magnetic flux lines are measured in weber while magnetic field intensity is measured
in Newton/weber or amperes/metre. It is a vector quantity. This is similar to the electric
field intensity E in electrostatics.

From equation 2.15

B=uH ---2.16
Equating equations 2.14 and 2.16
ul
= —uH
2nr H
H=LAmp/m --2.17
2nr

The line integral F,

lagnetic

b
= I H-dl is defined as the magnetomotive force between the

points a to b.

For a circular path of radius r, we have L=2nr, hence

F

Magnetic

b
:IH-dI:H-L:H-an:I [Usin gequation 2.17]

This is the Ampere’s work law or circuital law.

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.
32



Statement: The line integral of the tangential component of magnetic field strength
around a closed path is equal to the current enclosed by the path i.e.

IH-dI:I ---2.18

Enclosed

or IB -dl = uolEncIosed ---2.19

2.4.1 Applications of Ampere’s law
(a) The magnetic field due to a long current carrying conductor
Let I be the current through the conductor of radius R. Consider an amperian loop

of radius r as shown in Figure 2.2. The magnitude of B around an amperian loop of radius

r is  constant centred at the
conductor. ~ The - T lines of B are
concentric  circle and the direction
. . . Amperian loop
is circumferential.
............................ / \\ o
e e P L.
.......................... '-.'-.'
41 b
. S \_/
@ (b)
Figure 2.2

Hence the field B at a point P which is at a distance r form the axis of wire (Figure 2.2) is

given by Ampere’s circuital law as
[B-dl=p,[3-ds
J.Bdl :HOIEnclosed ---2.20

_[B -dl =, [Current crossing the bounded surface]

Special cases:

Case (i) If r > R, The current crossing bounded surface is I. Then

.[Bdl = BJ.dI =B-2mr = MOIEncIosed = M0I

B-2nr = p,l

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.
33



--2.21

Case (ii) If r <R, the current crossing the bounded surface will be
2

I r
2 2
IEnnclosed = ‘] Xmr = ( RZ X7 = I ?

T
2

J‘B.d|=BIdI=B~27ﬂ’ =Mo|#

rr 1
B=p l——
Ho R? 2nr
B:L”Z 2222
27R

(b) The magnetic field due to a long solenoid
Consider a long solenoid consisting of N number of closely wound turns per unit

length on a cylinder of radius R and carrying current | as shown in Figure 2.3a.

(R - o -
I
I
................................... ¢ d
................. - |
L
| ] _1b a T
N—— SN—— SN——
(a) (b) ©)
Figure 2.3

To determine the value of B outside the solenoid, consider the amperian loop of radius r

as shown in Figure 2.3b. Hence

[B-dl=B-2nr =y, 0

Ennclosed —

This is because the loop enclosed no current. Therefore the value of B outside the
solenoid is zero.

To determine the value of B inside the solenoid, consider the rectangular shaped
amperian loop of height L which is half inside and half outside as shown in Figure 2.3c.
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Now let us apply Ampere’s law IB-dI: Mol enneoseat® the path ‘abed’ as in

Figure 2.3c.
Here the total integral is the sum of four integrals one for each path of rectangle.
. d C b a
i.e. bde-on =[B-di+[ B-di+[ B-di+[ B-dI
For the path ba, B and dl are perpendicular to each other and hence B-dl = 0 and
similarly for dc, B-dl = 0. The path ad is outside the solenoid. Therefore B-dl = 0, because
B is zero outside.

The only contribution to the field is due to the path bc. Thus for entire path

[B-di=["B-d
abcd ¢
B and dl are parallel inside, hence
[B-di=B[ dl
abcd ¢
But Lbdl =length bc = L. Thus
I B-dI=BL= MOIEnnclosed

abcd

The net current | passes through the area bounded by the path of integration is not

Ennclosed
the same as the current | in the solenoid because the path of integration encloses more
than one turn.

Let N be the number of turns per unit length, then
I =INL

Ennclosed —

J.B -dl =BL = “OIEnncIosed = MOINL

abcd

BL =, INL
B=p,IN - 2.23

(c) The magnetic field of a toroid coil
Toroid is a solenoid bent around in the form of a closed ring (Figure 2.4). If N is

the number of turns in the toroid and | is the current in each turn.
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Figure 2.4

Now let us apply Ampere’s law to a circle of radius r about the axis of toroid. Thus

deI =B - 2xtr =MOIEnclosed =H0|n

abcd

Where n is the total number of turns in the toroid

ponl n
B="0— —p | —
2nr Ho (ZTCF)
B=p,IN ---2.24

where N = (le the number of turns per unit length. The expression 2.24 is the same as
ar

for a long solenoid. The field outside the toroid coil is zero.
2.5 Ampere’s Force law

Ampere observed that the force between the two current elements dl; and dl;
carrying currents 1; and I, respectively and separated by a distance r depends upon the
following facts
(i) the force varies directly as the product of magnitude of currents
(if) the force varies inversely as the square of the distance between the two current
elements
(iii) the force depends upon the nature of the medium and

(iv) the force depends upon the lengths and orientations of the two current elements.
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Figure 2.5

Consider the two current elements as shown in Figure 2.5. The force exerted on

current element dl;, by the current element dl; in free space is given by

dF,, = (Z‘—;] (1,1,) [rizj [dl, x (dI, < #)] - 2.25

Where t represents the unit vector along the direction of r.

Since the conductor is made up of all such differential elements, then the
expression for dF,; can be put in the form for the whole length of the conductors and is
obtained by taking the integral of equation2.25. Therefore

(HOM 1,dl, x I, dI %) e

The equation 2.26 represents the force exerted on current I, by current 1. The line

integral is required to ensure that all the current elements are considered. This is because
current can flow only in the closed path, provided by the circuit.

The vectors dl; and dl, point in the direction of positive current flow. Force is
measured in Newton, current in Ampere and length in metre.

In order to determine the direction of force, we first find the cross product dl; x f
and then obtain the cross product of dl, with dlyx .

In equation 2.26, we can take I; and I, outside the integrals, so that

F, =[ﬁjll L [ dly > di, xF) X(‘i"l”) - 2.27
4t 1%

r

where integrals are taken around the two loops and the constant po is called the

permittivity of free space and its value is equal to 47 x 10”7 N/ampz.
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Equation 2.27 is the Mathematical statement of Ampere’s observations about
forces between current carrying loops and is called Ampere’s law of force.

Equation 2.27 can be written in a more practical form as

Ry =1, fdl, x[Z‘—; N (d'izx r)j - 2.28
2 1

R, =1,[dl,xB,, - 2.29
2

()

can be considered to be the magnetic field of circuit 1 at the position of dl, of circuit 2.

where

The vector B is called the magnetic induction or the magnetic flux density and is
expressed in Weber/metre? or Tesla.

2.6 Biot-Savart law

Biot-Savart law states that the magnetic field intensity dH produced at a point P as
shown in Figure 2.6, by the differential current element Idl is proportional to the product
Idl and the sine of the angle B between the element and the line joining P to the element dI

and is inversely proportional to the square of the distance r between P and the element.

C &>

I dl

P

Figure 2.6

That is dH o JISINP 231

r

IdIsmB
r’

dH = ( j Idlszln[?) {,-K=i}
At r 4nt

IdIsinp
Anr®

dH =K

dH =
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, , IdIx ¢
More conveniently in vector formdH = 1 ><2 ---2.32
mr

The magnetic field intensity at P due to the whole circuit is obtained by integrating dH.

Hence
ldIxTt
dH =
j I4ﬂr2
H- L ﬁ dl
4t
or B=Ho j LI 233

From equation 2.33, it is evident that the magnetic field induction B at a position

P due to current carrying element dl (Figure 2.4) will be equal to

B=Ho J.I (d'”j =234

The equation 2.34 for B is called the Biot-Savart’s law for line current.
2.6.1 Biot-Savart’s Law for volume and surface currents

If the current I is distributed in space with a current density J amp/metre?, then

I=J-ds
|.dl=J-dsdl [ dsdl = dr]
I-dl=J-dz
Hence the Biot-Savart’s law for volume current is
B:Z—; | (Jr—ifdtj --2.35

where the integration is carried out over any volume which includes all currents.

The Biot-Savart’s law for surface current is given by

B=12 (Kfrdsj 236
T r

2.6.2 Application of Biot-Savart’s law
(i) The magnetic field B at a distance z above a long straight wire carrying a steady
current I.

Consider an infinitely long current carrying wire as shown in Figure 2.7. Our aim

is to determine the magnetic field at a point P.
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%,
A
G R
\\ 6 s\~\
z 2 S
" I
> :)
I— Wire segment
(a) (b)
Figure 2.7
In Figure 2.7, we have dixf=dl sin¢

dixf=dl sin (90+80)

dixt=dl cos®
and

I
tan® =—
z

=z tan®

dlzz%de
cos“ 0

z
Also we have cos6 ==

1 cos6
—=""and
r z

1 cos’0
r>  z?

The field of any straight segment of wire in terms of the initial and final angles 01
and 0, respectively for the Figure 2.7b is obtained from the equation 2.34. Thus

2
B:],l_oljezz 1 doc cos- 0

5 0s0 —; --- 2.37
4 Y% cos“ 0 Z
B:“—Olrz cos 0 do
47t 776

B= H—Ol[sin 0, —sino, |
nz

If the length of the wire is infinite one, then we have 6, = ~Zand 0, = kil
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B: HO
dnt z

| . ©# . —-m
SIN——SIn——
2

3

8=l i (-1)]

4nz

_ Kol
B_4TC 2[2]

or g = Mol ---2.38
21 Z

Thus the magnetic field at a distance z form the infinitely long wire is directly
proportional to the amount of current flowing through the wire, the medium in which the
experiment is carried out and inversely proportional to the distance of the point P.

2.7 Magnetic vector potential

In electrostatics, the electric field intensity can be derived from the potential V by
the relation E=-VV. Here we show that the magnetic induction B can be related to a
quantity A by the relation B =V x A, where A is called the magnetic vector potential.

According to Biot-Savart’s law the magnetic induction vector B for line current is

given by

wo ¢, dlxr
B=-—"11I
475-[ r?

Also Lz = —V(Ej
r

Then we write

B=—te ) dlxvﬁ 239
4 r
B=ﬁj v(ljxldl
dnt r
Ho 1
B=—IjV(—jxdl ~-- 2.40
4n r
But we know that V x(fA)=f(VxA)-AxV/(f) and putting dI for A and L for f, we have
r
Vx(ldlj=1(del)—dlx[V1j 241
r r r

dlx(V1j=1(del)—Vdelj

r r
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r r

vﬁxdl :-del)w{%dq

r r

v[ljxm:w(ldlj—l(vml)

r r r

dlxv(ljzl(wdl)—w(%dlj

Now the equation 2.40 becomes as

B:Z—;lj[vXHdl—%(del)}

B=Z‘—;|jv{%dlj—j%(wdl)

But (V xdl)=0, because dI does not depend on x,y,z. Thus

B:ﬁlj’(wﬂj
4r r

Interchanging the operators, we get

BZM—OIVX(IEJ - 2.42

47 r
B=Vx [“_Oljﬂ)
A’ r
B=VxA ---243
Where At pdl - 2.44
4 r

and is called the magnetic vector potential. Therefore the magnetic field induction, B, is
given by the curl of vector potential.

Special cases:

Case (i) It satisfies the Poisson’s equation.

If the current is distributed with a current density J, then I =J - da. Putting da-dl=dt and

[-dl =] da-dl = Jdr. Integrating over the whole volume, we get from equation 2.44
A=te| i - 2.45
Antdr
Then

VA= v{ﬁﬂdr}
4r’r
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This is because J is not a function of x, y, z. But _[ Vz(ljdr =—A4r.
r

VA =0 5(—4n)
4n

VA =—p,J --- 2.46
Case (ii) The line integral of magnetic vector A around a closed path gives the magnetic
flux linked with the area enclosed by the closed path. i.e.

¢p = [A-dI - 2.47
By definition, we have ¢, :_[B-ds = _[(VxA)-da

But according to Stoke’s theorem, we have

[(VxA)-da=[A-dI

S

#s = A-d
Case (iii) The divergence of magnetic vector potential A is zero or a scalar constant.

By Definition, we have B=V xA

Then
VxB=VxVxA
VxB=V(V-A)-V?A
But VxB=p,J and V’A=—p,J
Therefore

Hpd = V(V - A)= (- d)

Hd = V(V - A)+(ugd)

V(V-A)= eI = (1ed)
V(V-A)=0 - 2.48

This means that the divergence of Ais zeroi.e. V-A=0
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2.8 The far magnetic field of a current distribution

The concept of magnetic vector potential (i.e. equation 2.44) is valid only for any
observation point. But if the observation point is far away from the source potential
responsible for current distribution, then approximation is required for practical condition.

Consider a current carrying loop of wire as shown in Figure 2.8.

Figure 2.8

For a given current distribution as shown in Figure 2.8, the vector potential of a current
loop is given by
A= pol pdl ---2.49
47’ R
The point P and the current element dl are at a distances of r and r* respectively from the
origin O and 6 is the angle between r and 1.
From the Figure 2.8, we have

1

R—lzi:
R (r-r")

=(r-r)™*

1
(r-t=(@?-2rr*=r") 2

1
_ ort F |2
(r—rh)* =|:r2(1_r_2_r_2):|

1
1 12 2
(r—r')*= (I’Z)Z{l— 2r.2r _I’_z}

r r

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.
44



1

1 2] 2
(r—rl)‘lz 11 1_2r.2r _r_2
(rz)E r r

1
1 7?2
(r_rl)l:%l:l_ 2rr SOSO_:Z}

r

4 1 2rtcosO r
(r—rl)l={ __2}

L1 2ricos® 7
—(r—r)* :{1— ——2}

r r

1
=£[1— 2Zcos0— 2] 2 with z=L
r r

1
As we know that [1—22cose—ZZT5is the generating function of Legendre polynomial

so that
i o
fL-2Zcos0-27[2 =P, cos6 2"
n=0
Therefore

=(r-r)*= ZPCOSGZ”

a \"
=(r-r)* =12(r—j P, cos
resir

n=0

From equation 2.49, we have

A:ﬁljidl
4 'R
Mo L& r ’
A=—"1I||= — | P_cos© dl
4m I[rjnz_(;(rj "
o 1\"
A=Ho (Ejj (r—} P cos bl
A = \r r

A=ty (l}ij(rl)” P, cos 6dl

--2.50
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A:%IEJ‘ POcosedl+rizj.(rl)Plcosedl+ri3j.(rl)2chosedl+ ..... }

But the Legendre function
Pocos =1

P1cos O =cos 0
1
P, cos 0 = 5(3 cos? 9—1) and so on.

Thus we get

AZ%'EI@C’”%I rlcosedl+ri3j’(rl)2%(3cosz6—1)d|+ ..... }---2.51

In equation 2.51, the first term is the monopole term, the second term is the dipole term

the third term is the quadrupole term and so on. But the magnetic monopole term is zero.

le. jdl =0. This results that there is no magnetic monopole term in nature i.e. V-B=0. In

the absence of monopole contribution, the dominant term is the dipole alone. Hence we

have
Apipore (1) =Z—; l E (0)+ rizf r* cos em}
Aviore () =-F 0'2[[ rt coseon]

Anr
2.9 Magnetic force due to Volume distribution of current
Line current:

Generally the current in a wire is the amount of charge passing a given point per
unit time. Almost in all phenomena involving moving charges the current is defined as
the product of charge times velocity. The current is measured in Coulomb per second or

Amperes.

1 Coulomb

1Ampere=
1 second

a | | b

A—>V L )
VAt

Figure 2.9a
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Consider a line charge A moving through a wire with a velocity v as shown in Figure 2.9a,
which constitutes a current I.

I=Av ---2.52
In Figure 2.8a, a segment of length vAt, carrying charge AvAt, passes through any point in

a time interval At results current |
{/1 =% or Q=Al, but dl=vAt, ..Q= ﬁvAt} --- 2.53

where A is the charge density which refers only to the moving charges. The magnetic

force on a segment of current-carrying wire is obtained by using Lorentz force law. i.e.
Fuegnei = | (dll) (v B) 254

Fo. (1xB) dI ---2.55

lagnetic =
Since I, v and dI point in the same direction, the equation 2.55 can be written as

I:Magnetic = _[I (dl X B) --- 2.56

But along the length of the wire, the current is constant in magnitude. Hence

Fusgneic =1 [ (dIxB) - 2.57

Magnetic —
Surface current:
When charge flows over a surface, it is described by the surface current density K.
Consider the ribbon of infinitesimal width dl . running parallel to the flow shown
in Figure 2.8b.

L

.'l. ;
Current Flow

Figure 2.9b

If the current in the ribbon is dl, then the surface current density K is given by

I

K=—
dl,

---2.58

If the surface charge density is 6 and its velocity is v, then

K=ov ---2.59
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where K is also called as the current per unit length, perpendicular to flow. Let o dl, be

the net line charge on the ribbon and hence, dl = (G dIL) v. Thus the magnetic force on a

surface current is
l:Magnetic = J.(G da) (VX B)

F, [(kxB) da - 2.60

agnetic —
Volume current:

If the flow of charge is distributed through a dimensional region, then it is
described by the volume current density J.

Let us consider a tube of infinitesimal cross section da, moving parallel to the

flow as in Figure 2.8c.

L=

Figure 2.9¢c

If dl is the current in the tube, then the volume current density is given by

i

J=—1
da,

---2.61

where J is the current per unit area-perpendicular to flow.
If the volume charge density is p and the velocity is v, then
J=pv ---2.62

Therefore the magnetic force on a volume current is given by
Fugneic = | (pt) (v B)
Fuegneic = | (PVx B) dt
or Fuegneic = | (% B) d ---2.63

2.10 Continuity equation

The current crossing a surface of area is given by

| = _[J~dal (usin gequation 2.58)

Surface
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or --- 2.64

The total charge leaving a volume “V’ per unit time is

[3-da = [(V-9)dre

Surface Volume
Consider a closed surface ‘S’ enclosing a volume V. If p is the volume charge

density, then the total charge within the volume is j p-dt. But the transport of charge
\Y

constitute the current, thus

dg d
=99_9 1.4 265
dt  dt [p-dr

Volume

Since the electric charge can neither be created nor destroyed (i.e. the charge is
conserved), the flow of the charge out of the volume must be equal to the rate of decrease
of the total charge inside the volume. Therefore

j J-da:-di Ip-d‘c - 2.66

Surface Volume

The minus sign indicates that an outward flow decreases the charges left in V.

Since p is changing with time, we can write

d jpdrz j P 4 - 2.67
dt Volume Volume at
So that the equation 2.66 becomes
[3-da=— | (@j dt ---2.68
Volume at

Here the time derivative becomes the partial derivative with respect to time when
it is moved inside the integral.
On transforming the surface integral into a volume integral by divergence
theorem, we have
[ 3-da=[(V-3)dre - 2.69
Surface \Y
Comparing equations 2.68 and 2.69, we obtain

I(V J)dt= —Volumej'(@j de ---2.70
viot

Volume
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[(v-39)de+ | (%j dt=0

Volume Volume

or [ {(V.J)+ | (%H dt=0 —-2.71

Volume Volume
This integral must be zero for any orbitrary volume V. Hence the integration must

vanish identically. i.e.,
op
V-J)+| — =0
v-9+(%]

or (V) =- (%’Oj:o —-2.72

This is known as continuity equation. It is based on the law of conservation of
charge.

In the steady state

(5_/0]:0
a
V-J=0

This equation is valid only in the region which does not contain a source.
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UNIT Il : DIELECTRICS

Polarization — The electric field inside a dielectric medium — Gauss law in dielectric and
the electric displacement — Electric susceptibility and dielectric constant — Boundary
conditions on the field vectors — Dielectric sphere in a uniform electric field- Force on a
point charge embedded in a dielectric

3.1 Introduction

In conductors there are large numbers of electrons which are free to move about
through the material. Generally many of the electrons are not associated with any
particular nucleus but roaming around the material. By contrast, all charges are attached
to specific atoms or molecules and they can move only inside the molecule in insulators.
Such microscopic displacements are not as intense as the whole arrangement of charge in
a conductor. However, the collective effect is responsible for the characteristic behaviour
of dielectric materials.

Certain materials exhibit the property that their electrons are not free to move
under the influence of an electric field. Such materials are called as insulators. However,
the application of the electric field may change the behaviour of an insulator. Thus the
insulators whose behaviour gets modified in an electric field are called dielectrics.

When the change in behaviour of the dielectric material is independent of the
direction of the applied field, the dielectric is called as isotropic. On the other hand if the
change in behaviour of the dielectric depends on the direction of applied field is called as
anisotropic.

There are two principal mechanisms by which electric fields can distort the charge
distribution of a dielectric atom or molecule viz. stretching and rotating.

The various properties of dielectric materials are summarised as follows.

(i) When a dielectric is subjected to an external field E, the bound charges shift their
relative positions. Due to this displacement, small electric dipoles get induced the
dielectric. This is called ‘Polarization’.

(ii) Due to the polarization, the dielectric stores energy.

(iii) Due to the polarization, the flux density of the dielectric increases by an amount
equal to the polarization.

(iv) The induced dipoles produce their own electric field and align themselves in the
direction of the applied electric field.
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(v) The electric field outside and inside the dielectric gets modified due to the induced
electric dipoles.
3.2 Polarization

When a piece of dielectric material (polar or nonpolar) is placed in an electric
field, tiny dipole moment will be induced by induction in it. Then these elementary
dipoles are oriented along the direction of field and the dielectric is said to be polarized.

In the absence of an electric field, the atom is in a position of stable equilibrium.
This is because the centre of gravity of its positive charge coincides with that of the
negative charge (Figure 3.1a).

Consider a dielectric material in an electric field. The electric field will exert a
force on each charged particle. The field will push the positively charged nucleus in the
direction of the field and the negatively charged electron cloud in the direction opposite to
that of field (Figure 3.1b). The equivalent dipole formed is shown in Figure 3.1c.
As a result, the positive and negative parts of each atom or molecule are displaced from
their equilibrium position in an opposite direction. One important point to be noted is that
induced effect is present only when the electric field is present.

+ -+ -+ - -— i s
TR Electric field |~ — = Tt
+ =+ -+ = _— - +++
F = o direction W Fd
+ =+ -+ = T +++
Unpolarized dielectric Polarized dielectric
(a) (b)
- +Q
G -—Q
d
L ©
Figure 3.1

In nonpolar molecules, the dipole arrangement is totally absent, in the absence of
electric field E. It results only when an externally field E is applied to it. In polar
molecules, the permanent displacements between centres of positive and negative charges
exist. Thus dipole arrangements exist without application of E. But these dipoles are

randomly oriented. Under the application of applied electric field E, the dipoles
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experience torque and they align with the direction of the applied field E. This is called
polarization of polar molecules.

The amount of dipole moment induced will be directly proportional to the field
because larger field will displace the charges more than the smaller field. “The induce
dipole moment per unit volume is called the polarization of the medium” and is
represented by P.

A convenient measure of this effect is

P Dipole moment
Unit volume

Experimentally it has been found that the induced dipole moment P is

approximately proportional to the applied electric field E. Therefore
PxE ---3.1

or P=aE ---3.2
where a is the constant of proportionality and is known as the “atomic polarizability”.
3.3 The electric field inside a dielectric medium

In free space, the electric field is defined as the force per unit charge. This implies
that the electric field in free space is a measurable quantity. However, to measure the
electric field inside a dielectric or other material medium may be very difficult or
impractical but, if we confine our attention to the external effects of the dielectric, such
internal measurements became unnecessary provided that a theory can be formulated for
the behaviour of the dielectric which produces agreement with external measurements.
Thus, a distinction should be made between an electrical field as a measurable quantity
(as in free space) and an electric filed as a theoretical quantity (as in dielectric).
3.4 Gauss law in dielectric medium and the electric displacement

The total charge density within the dielectric can be written as

P =Py, t+Ps ---3.3
From Gauss’s law, we have
v.E=F
€y
or &(V-E)=p=p, +p; ---34

But the effect of polarization is to produce accumulation of bound charge. The bound
charge density is
p,=—V-P --35
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Hence, the equation 3.4 becomes
&o(V-E)==V-P+p;
SO(V-E)+V-P =p;
V-(e,E+P)=p; 3.6
The term within the parenthesis is designated by D. Thus the equation 3.6 becomes
V-D=p; --3.7
Where D = (g,E +P) is known as the electric displacement.

The equation 3.7 gives Gauss law in terms of D. In an integral form

I D-da=Q, _

Surface

where Q, represents the total free charges enclosed within the volume.

3.5 Electric susceptibility and dielectric constant
The polarization of a dielectric results from an electric field, which aligns the
atomic or molecular dipoles. In many substances the polarization is proportional to the
filed E. Thus
PxE
or P=¢gy.E ---3.8

The equation 3.8 is valid only if the field is not too strong. The constant of
proportionality yeis called the “electric susceptibility” of the medium. The material which
obeys the equation 3.8 is called linear dielectrics.

In linear media, the electric displacement D is given by
D =(g,E+P) --3.9

Substituting equation 3.8 in 3.9, we have

D= (SOE + aoer)

D=g,E (1+%.)
Thus D is also proportional to E. Therefore

D=¢E

wheree = 80(1+ xe)is called the permittivity of the material of the dielectric.

In vacuum, there is no matter to polarize. Hence the susceptibility is zero, but the
permittivity is gy and is known as the permittivity of free space.

Therefore the permittivity of a dielectric relative to free space is given by
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--3.10

Where ¢, is called the relative permittivity or dielectric constant or specific inductive

capacity and is designated by K. Thus
K=(1+z,) —--3.11
The volume bound charge density is given by (Using equation 3.5)
p,=—V-P
Substituting equation 3.8, we get
P =V (0xE)

ButD =¢ E and therefore E :2

€
D
P _v'[SOXe|:_:D
€
pb——V(SO&Dj
€
p,=—-V-D (eoh)
€
ButV.-D =p;, hence Py = —Ps (80 ﬁ)
€
o, ==py | Lo ||+ B o4y, )or oo 1 - 3.12
T )| T e (L)

Therefore the volume bound charge density is proportional to the density of free charge.
3.6 Boundary conditions on the field vectors

When an electric field or magnetic field passes from one medium to another
medium, it is important to study the conditions at the boundary between two media. The
conditions existing at the boundary of the two media when field passes from medium to
another are called boundary conditions.

Now let us consider the boundary between two perfect dielectrics. The
permitivities of the two are €; and &, respectively. The interface is shown in Figure 3.3.

The E and D have to be determined by solving each into two components viz.
tangential to the boundary and normal to the surface.

Now consider a closed path abcda rectangular in shape as shown in Figure 3.3.

Ah and Aw be the height and width of the shape respectively. It is placed in such a way
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that the half of the shape i.e. Ah/2 in dielectric medium 1 while the remaining is in
dielectric medium 2.
Let us Medium 1 &, calculate

E-dl along the path.

1M

X
W
AR

N

Figure 3.3

Therefore
jE-dl -0 ---3.13
b c d a
Hence J-E-dI+J.E-dI+J.E-dI+J.E-dI=0 ---3.14
a b c d
Now E,=E, +E_

and E2 - Ezu + EZL

The electric fields E; and Ejhave both the parallel and normal components in the

respective dielectrics.
When Ah — 0,_[ and I become zero as they are line integrals along Ah. Hence equation
b d
3.14 reduces to
b d
[E-di+[E-dI=0 ---3.15

Now a-b is in dielectric medium 1 hence the corresponding component of E is E,, as a-b

is parallel to the surface. Therefore

_TE-dI = Eljdl =E, Aw - 3.16
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While c-d is in dielectric medium 2 and hence the corresponding component of E is E,,

as c-d direction is also parallel to the surface. But the direction of c-d is opposite to a-b
hence corresponding integral is negative of the integral obtained for path a-b

_TE-dI :—EZH_TdI =E, Aw 3.7

c

Substituting equations 3.16 and 3.17 in 3.15, we obtain
E, Aw-E, Aw=0
or E, Aw=E, Aw ---3.18

Thus the parallel components of electric field intensity at the boundary in both the
dielectric remains same. i.e. Electric field intensity is continuous across the boundary.

The relation between the electric field and the electric displacement is D = €E. Hence if

D,, and D,, are the magnitudes of the parallel components of D in dielectric

medium 1 and 2 respectively then,

Dlu = 81E1" and D2|| = 82E2" ---3.19
D

or —h :ﬂ [ E1| — E2 ] =320
D2II 82 I I

Thus the parallel components of D undergo some changes across the interface hence
parallel D is said to be discontinuous across the boundary.

Gauss’s theorem can be used to determine the normal components. For this
consider a Gaussian surface in the form of circular cylinder, placed in such a way that the
half of it lies in dielectric medium 1 while the remaining half in dielectric medium 2 as
shown in Figure 3.3. When the height Ah—0 the flux leaving from its lateral surface

becomes zero. The surface area of its top and bottom of the cylinder is As.

ID.ds=Q

“Jr [+ j:lD.dszQ --3.21

Top Bottom Latertal

But “D-ds}:o as Ah—0 —--3.22

Lateral
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Therefore {J' D-ds+ J'D-ds} =Q ---3.23

Top Bottom
The flux leaving out normal to the boundary is normal to the top and bottom
surfaces. Hence,D=D, for dielectric medium 1 and D, for dielectric medium 2.

Since the top and bottom surfaces are elementary, flux density can be assumed constant

and can be taken out of integration. Therefore

jD-ds =D, st =D, As ---3.24

Top Top
For top surface, the direction of D, is entering the boundary while for bottom surface, the

direction of D, is leaving out the boundary. Both the components are in an opposite

direction at the boundary.

[D-ds=-D, [ds=-D,As ---3.25

Bottom Bottom

Using equations 3.24 and 3.25, 3.23 can be written as
D, As-D, As=Q --- 3.26

But the surface charge density c = % or Q=0 As.

Therefore D, As-D, As=c ---3.27

Since no free charge is available in perfect dielectric medium, the available charge
on the surface is zero. It means all charges in dielectric are bound charges and are not
free. Hence at the dielectric media boundary the surface charge density ¢ can be assumed

zero. i.e. 6 = 0. Therefore

D, As-D, As=0 ---3.28
or D, As=D, As

[)l

L

= D2L

Hence, the normal component of flux density D is continuous at the boundary between

two perfect dielectric media.

St T o | --3.29

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.
58



T ---3.30

Thus the normal components of the electric field intensity E are inversely proportional to

the relative permitivities of the two dielectric media.

3.7 Dielectric sphere in a uniform electric field

Consider a metal sphere of radius a carrying charge Q as shown in Figure 3.4.
It is surrounded by a linear dielectric sphere of radius b. The permittivity of the dielectric
is €. The potential at the centre can be computed as follows.

To calculate V, we should know E. The electric field E at any point P which is at a
distance r from the charged dielectric is given by

-~ ¢ —-3.31

RSS20 S22555%/
& oy,

Figure 3.4

But D = ¢E, hence

5. 0
4

51 for all pointsr > a
mr

Once r is known, it is very simple to calculate E. Therefore

E Q ;

= il fora<r<b
4mer

E—Qf’

= 5 forr>b
4me,r

Therefore the potential at the centre is

~ 0 ~ b Q a Q 0
v_—lE.dl_—i[W) dr_{(%sorzj dr— [(0) dr

a

g[i+i+ij ---3.32

T 4n gb ea ¢€b
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€% Q -
P =gy E="2%¢
oke Arer?
While
o, =P-fA :SOX"Q at the outer surface
b 4meb?®
o, =P-A= Soerz at the inner surface
4mea

3.8 Force on a point charge embedded in a dielectric

Consider a slab of dielectric material, partially inserted between the plates of a
parallel plate capacitor as shown in Figure 3.5a. The field is uniform inside a parallel plat
capacitor and zero outside. However, there is a fringing field around the edges
(Figure 3.5 b) . It is not easy to determine this fringing filed and this difficulty can be
avoided by adopting the following method.

L )

[E-di=0 u
Fringing region

(b)
Figure 3.5
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Let W be the energy of the system. It purely depends upon the overlap distance s.

If we pull the dielectric out an infinitesimal distance s towards right, the energy is
changed by an amount equal to the amount of work done.

dW=F, ds ---3.34

where Fsis the force we exert on dielectrics.
We pull out hardly to overcome the electrical force F on the dielectric.
F. =—F

us

Thus the electrical force on the dielectric slab is

F= _dw ---3.35
ds
The energy stored in the capacitor is
W =%cv2 ---3.36

In this case the capacitance is given by

C=%a(w+ 7.9) 337

where w is the length of the plates. As the dielectric moves, the potential will change and
the total charge on the plate is constant. i.e. Q = CV. By using equation 3.36 the energy

stored in the capacitor in terms of Q is given by

2y\ /2 2
WZECV :lQ_ -.-gzv ---3.38
2 C 2C| C
Hence, the force F is given by
__dw_1Q°dC
ds 2C? ds
F=1V2d—C ---3.39
2 ds
From equation 3.37, we get
d_C = M ---3.40
ds d
Hence the equation 3.39 becomes
F — l V2 SOXea
2 d
1., a
F==V = ---3.41
2 SOXe d
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In computing the force, it is common error to use equation 3.36 with potential V as

constant rather than equation 3.38 with charge Q as constant. So one can obtain in general

1., a
F=—= Vigy = - 3.42
2 OXe d

and this is off by sign. Then it is also possible to maintain the capacitor at a fixed
potential by connecting it with a battery. In that case the battery also does the work as the
dielectric moves. Thus instead of equation 3.34, we can have

dW =F,, ds+V dQ - 3.43

where V dQ is the total work done by the battery. Then it follows that

F:—d—W+Vd—Q
ds ds
F:—1 Vzd—C+VdC—V
2 ds ds
Fo_1 vzd—c+v2d—c
2 ds ds
Fol 2 9C --- 3.44
2 ds

This is the same as equation 3.39 with the correct sign. Therefore we conclude
that the force on the dielectric is not dependent whether we keep Q or V as constant. It is
purely determined by the distribution of charge. Thus it is very easy to calculate the force

F by assuming the charge Q as constant and also not bother about whether work is done
by the battery or not.
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UNIT IV : MAXWELL’S EQUATION AND PROPAGATION OF EM WAVES
Maxwell’s  equations and their physical significance—Plane wave equation in
homogeneous medium and in free space — Relation between E and H vectors in a uniform
plane wave-The wave equation for a conducting medium -Skin depth — Wave
propagation in dielectric— Poynting vector — Poynting’s theorem.
4.1 Maxwell’s equations and their physical significance

James Clerk Maxwell introduced a concept that the magnetic field is produced by
a changing electric field. The time varying fields are involved in the experiments of
Faraday and the theoretical analysis was done by Maxwell. Maxwell derived four
equations to describe the electromagnetic field. These four equations are known as
‘Maxwell’s equations’. These equations are derived from Gauss’s law, Faraday’s law,
Ampere’s circuital law for electric field and Gauss’s law for magnetic field. Each of the
differential equations has its integral form as counterpart. One form of equation may be
derived from the other by using either ‘Stokes theorem’ or ‘Divergence theorem’.
Maxwell’s equations can be derived as follows.
Maxwell’s equation - |
Ampere’s circuital law:

Ampere’s law states that the line integral of magnetic field intensity around any

closed path is equal to the current enclosed by the path.

[H-dI=1

Line

—

Enclosed

Replacing current by the surface integral of conduction current density J over an area

bounded by the path of integration of H, we get
[H-di= [3-ds 4.2

Line Surface
In general the total current density involves both conduction current density (Jc)

and displacement current density (Jq).

J= JcondUCﬁOﬂ (‘]C) +‘]Di5placement (‘]D) - 4.3

Conduction current density J.:

According to Ohm’s law, the conduction current through a resistor R is given by

lc =—, but Rzp—I
A

where 1 is the length, A is the area of cross section and p is the resistivity of the

conductor.
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The conductivity of the material of the conductor is given by ¢ = 1 . Therefore
P

R=—
oA

B VcA
o

If E is the electric field, then the voltage V = El. Hence

and hence the conduction current, |,

I, = ElcA _EoA
IC
or —=ocE
A
: . I
But the conduction current density, J. =K° , Hence
Jc =cE

Displacement current density J.:

4.4

The displacement current through a capacitor is defined as the rate of flow of charge. i.e.

5:99 but Q=CV,

dt
Hence I, = d(CV) orl,= d_V
dt dt
But the capacitance of a parallel plate capacitor is
e
d

where ¢ is the permittivity of the medium, A is the area of the parallel plate capacitor and

d is the distance between the plates. Then the displacement current Ip is

A v
°"d dt’
D:% @’ [V:Ed]
d dt
D_% dd—E r ID_ Ad—E
d dt dt
b _ OB
A dt
But D=¢E and JDzl—ngd_E:d(gE)
A dt dt
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Hence

dD
Jo=—/-D=c¢E --4.5
o= 2 D=cf]
Substituting equations 4.4 and 4.5 in 4.3, we get
J=0oE+ d—D --4.6
dt
Now Ampere’s law can be written as
j H-dl= I(JC+JD)-ds 47
Line Surface
dD
or | H-dl= Jo+—|-ds
LE[E Sur[ace( © dt j

Unless or otherwise it is not specified by J stands for conduction current density alone,

then we can write

[Hd = | (J+d—D)-ds 48
Line Surface dt
[Hd = | (GE+@j-ds[.'J:GE and D =¢E]
Line Surface dt
or [H-dl = | (0E+gd—EJ-ds 49
Line Surface dt

The equation 4.8 is known as integral form of Maxwell’s first equation.

Physical significance:The magnetomotive force around a closed path is equal to the

conduction current plus displacement current through any surface bounded by the path.
The differential form of Maxwell’s first equation can be obtained by applying

Stoke’s theorem to equation 4.8.

[ Hedi= [(VxH)-ds - 4.10

Line Surface

Comparing equations 4.8 and 4.10, we obtain

j(vXH)-dsz j (J+d—Dj-ds 411
Surface Surface dt
or (VxH) = (J+d—Dj - 4.12
dt
The equation 4.11 can also be written as
[(VxH)-ds= | (GE—%—Sd—Ej-dS - 4.13
Surface Surface dt
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or (VxH) = (0E+SZ—EJ —--4.14

This is known as differential form of Maxwell’s first equation.
Maxwell’s equation — 11
Faraday’s law: Faraday’s law states that the induced emf in a circuit is equal to the time

rate of decrease of total magnetic flux linked through the circuit.

d
e:——, bUt = B'ds
ar bwes

Surface
e=—4 [B-ds - 4.15
dt Surface

We know that emf ‘e’ induced in a circuit can be represented as the line integral of the

electric field intensity around the close path. i.e.

e= _[E-dl ---4.16

Line

Comparing equations 4.15 and 4.16, we have

JE-dIz—%{ jB.dsj - 4.17

Line Surface

IE-dIz—[ | @-dsj ---4.18
Line Surface at
Comparing equations 4.15 and 4.18, we obtain
[E-di= _do_
dt

Line
From equation 4.18, we obtain
LLE-dI _— {Sulm%-ds] [ B = uH] 419
This is integral form of Maxwell’s second equation.
Physical significance:The emf induced around a closed path is equal to the negative rate
of change of magnetic flux linked with the path.

By applying Stoke’s theorem
[E-dl= [(VxE)-ds - 4.20

Line Surface

Comparing equations 4.18 and 4.20, we obtain
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or VxE:—@ ---4.21
ot
or VxE= —Hﬁ ---4.22
ot

This is the differential form of Maxwell’s second equation.
Maxwell’s equation — 111
Gauss’s law in electrostatics:The total electric flux emerging out of the closed surface is

equal to the total charge enclosed by the surface. This can be written in integral form as

_[ D-ds= QEncIosed ---4.23

Surface
QenclosedCan be replaced by the volume integral of the charge density p. Therefore the
charge enclosed by the given closed surface.

i.e. QEncIosed = J-p dv ---4.24
\
Now, equation 4.23 becomes as
ID~ds: Jp~dv ---4.25
Surface Volume
or IE-ds = j P v [-D=c¢E]
Surface Volume8

This is integral form of Maxwell’s third equation.

Using divergence theorem, we can write

[D-ds= [(v-D)dr - 4.26

Surface Volume

Comparing the above equations 4.25 and 4.26, we obtain

[(v-D)de=" [p-dv --4.27

Volume Volume
Assuming same volume for integration on both sides, we have
V-D=p ---4.28
This is the differential form of Maxwell’s third equation. In other words
V-(SE)=p [ D=¢ EJ

v.E=P - 4.29
€
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Physical significance:The outward flux of displacement vector through the surface

enclosing a volume is equal to the net charge contained within the volume.

Maxwell’s equation — IV

Magnetic Gauss’ law: The total magnetic flux around any closed surface is equal to zero.

jB~ds=o

Surface

This is Maxwell’s equation in integral form.

By applying Divergence theorem, we have

[ B:ds= [(V-B)dr

Surface

Volume

Comparing equations 4.30 and 4.31, we obtain

or

I(V-B)dr:O

Volume

(V-B)=0

This is differential form of Maxwell’s fourth equation.

-~ 4.30

- 431

- 4.32

Physical significance:Net outward flux of magnetic induction vector through the surface

enclosing a volume is zero.

Maxwell’s equations are summarized as shown in Table 1.

Table 1. Maxwell’s equations in a conducting medium

Volume

Integral form Differential form Significance
dD dD
J Hdl= | J+—|-ds or VxH= J+—
Line Surface dt dt o
Ampere’s circuital
or or
dE law
dE _
[ Hdl= [ |oE+e— |-ds or VxH = ot+e- -
Line Surface dt
oB oB
[E-dl=—| [ =.ds VxE=-—
Line Surface Ot ot
or or Faraday’s Law
oH VxE oH
xE=-u—-
[E-dl=—p| [ —-ds
Line Surface ot
[D-ds= [p-dv V-D=p
Surface Volume P
V-E=—
or € Gauss’s law
JE-ds= | P.dv[wD=¢E]
Surface Volume g
[(v-B)dr=0 V-B=0 No isolated magnetic

charge
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4.1.1 Maxwell equations in free space

In a free space, there are no charges enclosed. Free space is a non-conducting
medium (i.e. dielectric) in which volume charge density p and conductivity ¢ are zero.
Maxwell’s equations in free space are summarized as shown in Table 2.

Table 2. Maxwell’s equations in free space

Integral form Differential form
dD dD
J Hdl= | [—|-ds or VxH = —
Line Surface\ dt dt
or or
dE
dE - o
J Hedl= [ |&—|-ds or VxH = e
Line Surface\  dt
oB oB
JE-dl=- | —-ds VxE=——
Line Surface Ot ot
or or
oH VxE oH
xE=-p—
;E.d.w( ; _.dsj "
Line Surface Ot
[D-ds=0
Surface V-D=0
or or
[E -ds=0 V-E=0
Surface
/(V-B)dr=0 V.-B=0
Volume

4.2 Plane wave equation in homogeneous medium and in free space

The propagation of electromagnetic wave can be explained easily with the help of
Maxwell’s equations. Electromagnetic wave equation can also be obtained from
Maxwell’s equations.
4.2.1 In homogeneous medium

From differential form of Maxwell’s second equation, we have

VxE:—a—B

oH

or VXE =—-u—o
Mt

Taking curl on both sides, we get

VxVxE :Vx(—pﬁJ
ot
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VxVxE=—-u {Vx(%ﬂ ---4.33

From differential form of Maxwell’s first equation, we have

or VxH:cE+sd—E
dt

Differentiating

Q(Vx H)=§(OE+88—EJ
ot ot ot

2
Vx(%}za%+gaat—5 ---4.34

Substituting equation 4.34 in 4.33

2
VxVxE=—n {Ga—EJrsaatE}
oE 0°E
VxVxE=-uoc——pue ---4.35
WO HE—S
From vector identity, we have
VxVxE=V(V-E)-V’E - 4.36

Since there is no net charge within the conductor i.e. most of the region are source
or charge free then the charge density p = 0. ThereforeV-E = 0 and hence V (V-E) = 0.

Now equation 4.36 is reduced as

VxVxE=-V’E --- 4.37
Comparing equations 4.35 and 4.37, we obtain
~V’E=— G%—MS (ZiZE
or VE=pu G%-FMS ?;E ---4.38
or V’E—p 0%—MS§E:0 --4.39

The equation 4.39 is known as the ‘wave equation for electric field E.
The wave equation for H is obtained in a similar manner as above.
The differential form of Maxwell’s first equation is

VxH-= OE+8E
ot
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Taking curl on both sides, we get

VxVxH= Vx(oE+£%)

VXVXHZO'(VXE)+S(VX%] ---4.40
From differential form of Maxwell’s second equation, we get
VxE = —uﬁ --4.41
ot
Differentiating
2
vxE_ o8 442
ot ot
Substituting equations 4.41 and 4.42 in 4.40, we obtain
oH o*H
VxVxH=-ou—-— ---4.43
o - 21|
But from the vector identity formula
VxVxH=V(V-H)-V°H
But from Maxwell’s fourth equation
V-B=V-(uH)=0
or V-B=p(V-H)=0
Hence VxVxH=-V°H - 4.44
Comparing equations 4.43 and 4.44
oH o0*H
“VH = —ou 2 - 4.45
- 21|
oH o°H
V’H=0ou—+
o 281
oH o*H
V2H —ou 91 -0 - 4.46
oo (28

This is the wave equation for the magnetic field intensity H.
4.2.2 In free space

Since there is no charge in free space (i.e. dielectric medium), the charge density
(p) and hence the current density (J) is zero. The electromagnetic wave equations can be

obtained from differential form of Maxwell’s equations.
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0’E

V’E —pe 0 - 4.48

2 =

This is the wave equation for free space in terms of electric field E.
To obtain the wave equation for free space in terms of magnetic field, consider the wave

equation for magnetic field intensity

2
VZH—Gp.ﬁ—Su (6 H] =0

ot ot
2
VZH—(O)M%—SH (‘Zt';'] =0 [6=0] --- 4.49
2 o*H
VZH - gu = =0 --- 4,50

This is the wave equation for free space in terms of magnetic field H.
The value of p, = 1 for free space and &= 1 for air, then wave equation 4.48 becomes
0°E

VZE—HOSO ?: 0

But o€, = (4nx107 )x (;j

36mx10°°
1 1
MOSO = 9)(1016 or I’I'O‘C’O - 3)(108
L _3a0° = ¢ m/sec ---4.51

v Ho€o

where c is the velocity of light. Hence the wave equation becomes

2
V’E —iz ‘;E =0 --- 4.52
C
2
and V’H —iz itlj =0 --- 4.53
C

4.3 Relation between E and H vectors in a uniform plane wave
A linearly polarized, uniform plane wave is one which satisfies the following

conditions.
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(@) At every point in space, E and H are perpendicular to each other and also to the
direction of propagation of energy.

(b) The fields vary harmonically with time and at the same frequency everywhere in
space.

(c) Each field has the same direction, magnitude and phase at every point in any plane

perpendicular to the direction of wave propagation.

& Magnetic field vector (B)

':L’
i3

.,' <— Electric field vector (E)

$2e.

LT

eses
‘:555"

&,
(o)
pﬁga [lb o

I}e“’lblz
Figure 4.1
Consider a wave travelling along x-direction as shown in Figure 4.1. It is noted

that E and H are not having x-component along the direction of propagation of

electromagnetic wave. From Faraday’s law, we have

VXE=—8—B

ot
i ] k
Hs=vxE=| L & O
oX oy oz
E, E, E

" oE A ~( OE
vxE i %E. %y _j(aEz_aEijrk y OE,
oy oz oX 0z oxX oy
OE, ©OE, ){ all other values are zero, since E is acting }

VxE=k| —L-x . N
( ox oy )onlyinY direction, E, =E, =0

This must be equal to— aaBtZ

By right hand screw rule, we know that if E is acting in Y direction and
propagating in x direction, then the magnetic field intensity H will be in positive z

direction.
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Therefore we conclude that

oE
( y _OE, J __9B, - 454

where B is acting in positive z direction.
Let E, be equal to sin (x-vt). Where v is the velocity, t is the time and X is the direction of
propagationof electromagnetic wave. Hence we write

Ey = sin (x-vt) ---4.55

The above relation means E, is propagating in the positive y direction

oE
—~Y = cos (X —vt) -~ 4.56
OX
Using equation 4.54, 4.56 can be taken as
cos (X —vt)=— 9B,
B, :—J.cos(x—vt) dt
B, - sin (X —vt)
Vv
Using equation 4.55, we may write
B= (EJE —-4.57
%
This the relation between E and B, But we know, B=pH, hence we have
MH = (EJE ---4.58
v
1
Moreover V=
pH=.,ne E ---4.59
or H= |2 E
il
or E=|EH - 4.60
€

If the wave is propagating in free space, we have

E= Mo H
€9
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4 x1077
E = P T )
8.854x10

-7
E_ A0 _s170-7,
H  18.854x10

where Zj is called the ‘wave impedance’ of free space.

From equation 4.60, we have
E_Pk - 4,61
€

Equation 4.61 states that in a travelling plane wave there is a definite ratio between the
amplitude of E and H. This ratio is equal to the square root of the ratio of permeability to

the dielectric constant of the medium. \/E has the unit of ohm as E is in Volt/m and H is
S

in Amp/m. The ratio H s known as characteristic impedance, 1, or the intrinsic

€
impedance of the medium.
4.4 The wave equation for a conducting medium —Skin depth
In free space, the charge density psand the free current density Jsare zero. But in
the case of conductors, prand Js are not zero. According to Ohm’s law, the current density
in a conductor is proportional to the electric field.
J; =ok --- 4.62

Therefore the Maxwell’s equations for linear media are

() V-E=Pr —
€

(i) v-B=0

(M)VXEI—%g - - 4.63

. E
(iv)VxB = ch+usa—
ot _

Now the continuity equation for free current is given by

V'Jf :—aﬂ or V. (GE):—% or G(VE):—% —-4.64
ot ot ot

G(P_fj:_%; or (2) o, =2t
€ ot € ot
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s _ _(2) o or P _ _(2) ot
ot € Ps €

Now integrating equation 4.65, we get

log p; = —[gj t+C

When t=0, log ps= log p(0). Hence log p,(0) = ~2.0+cC

g
C=log p; (0)
Thus log p, :_(g) t+log p, (0)
€
log p; —log p; (0): _(Ej t
or Iogp—f = —(gj t
Pt(0) €
Pt _ e_(gjt
Pt(0)
Therefore ps = e_[z)t Pt (o)

£

Pt = Ps(0)

- 4.65

- 4.66

The initial free charge density prq) dissipates in a characteristic time t = (¢/c). Put ps= 0,

then Maxwell’s equations become

() V-E=0 ~
(i) V-B=0

(iii) vXE=—%B >
(iV)VXBZMGE—FMS% )

Applying curl to equation 4.67 (iii) and (iv), we obtain

Vx(Vx E):Vx(—%j
V-(V-E)—VZE:—g(VxB)

0 oE
—V2E =—"| ucE + ug—
(uc 1) j

- 4.67
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0°E
o
Similarly we have
oB 0°B
V’B=puc— + e
ho—+he—

The solutions for the electric and magnetic fields of a plane wave are given by

E (X, t) = Eoei(kx—wt) and B (X, t) _ Boei(kx—wt)

Substituting these values into the wave equations 4.68, we have
i(kx— a i(kx— 82 i(kx—
V?(Ege!® )= poa(Eoe (ocwt ) u(c,?(Eoe (o)

E, i2 k%o = HGEo(— ico) e | e E i of it

(—1)k2EO e — i E, o e @2 Eoei(kx—vvt)

Cancelling the common term E, &', we get

—k? = —iuow —pe’
or

k= ipom + pem’
Let k =k, +ik_, such that k? = (k, +ik_)’
K? = (k.2 +i%k 2+2k, ik ) = (k.2 —k * +2k,ik )
k2 = (k.2 =k ?)+i(2k k)
Comparing the real and imaginary parts of equations 4.70 and 4.71, we have

k., -k *=pew?® and (2k,k_) = pow
Hence

k.?=pew?+k* and (2k, k_f =(uow)

4k, k_ *= (now)’
Ao +k *)k_ 2= (uow)’
(apem’k 2+4k *) = (pow)
Ausn’k_ 2+ 4k_* —(uow) =0

4k * +4psn’k_ 2~ (uow) =0

--- 4.68

- 4.69

—4.70

- 4.71
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2

2
k?*= -u;co i%\/uzszo)za)z +(uow)

2
kizz'lzl;@ i%\/ 2820)20)2+},L262(02
k ?= " poo’ + = [pPefo’w’| 1+ o’

_ 5 20?2

2
» 1 2 c 2
k_ —E(uam )[—1+ 1+(£}
_ — _
k_Z—E(uso)z) 1+(5j -1
kK=o “?8 1+(£] S| - 4.72
Similarly we get, ) _
T
k.= “78 1+(£j +1 - 4.73
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The imaginary part of k (i.e. k) results in an attenuation of the wave i.e. decreasing

amplitude with increasing x. Then

E (x,t)=Ee"*e'™™andB (x,t) =Be ™ *e'®™™ .,

: : . 1
Greater is the value of k.greater is the attenuation. The term k—measures the depth at

which the electromagnetic wave entering a conductor is damped to %:%18 =0.369 of

its initial at the surface. This depth is known as the “skin depth” or the penetration depth.

It is usually represented by ‘d’. Therefore

d= (ij - 475
k_

d= 1 X = 1
ne 2 1
w\/ 5 1+(Gj 1]2
&m
d= 1 X = 1
pe 2 1
“V2 \/1+(Gj 1} 2
&
- 4.76

1
de_ L { 1+(GJZ_J 2 2 - 4.77
2
Thus ‘d’ measures the depth at which an electromagnetic wave penetrates into the
conductor.

The real part of k i.e. kidetermines the wavelength, the propagation speed and the

index of refraction. Therefore

A=—, Vv=— and n=—= ---4.78
(0]

we
k =k = 2% - 4.79

The skin depth decreases with increase in frequency.
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The good and poor conductors depend on the frequency i.e. the substance can be
good conductor at low frequency and a poor one at high frequency.

4.5 Wave propagation in dielectrics

. . . (o)
For a poor conductor, i.e. good dielectrics, —<<1, therefore 6 <<we. . Hence

e
> 1
2 2 2 2
/ c / c c c
14| — | =1+— =|1l+—| =|1l+—
(cosj o’e? { 0)282} { 20)282i|

But from equation 4.73

2 2 2 2
k,=o be 1+(£j +1| = o 2 1+(£j +1
2 0] 2 &

N[ =

2
K, = o\/ue {1+4GT}

2
IV}

02
k = T —
L= Oy/lE [1 2 2}

The velocity of the electromagnetic wave in dielectric medium is
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Then

Hence we have
K, = w\/an and k_;% B ---4.80
€
The skin depth decreases if either the conductivity ¢ or the permeability p

increases. The skin depth is independent of frequency.
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4.6 Poynting vector and Poynting’s theorem
The work necessary to assemble a static charge distribution against the Coulomb
repulsion of like charge is

_% [p2
W = [E?de 4.81

Volume
where E is the electric filed.
The work required to continue the current flow against the back emf is
W, =1 [Bdt —-4.82
2!"LO Volume

where B is the magnetic field.

Thus the total amount of energy stored in the field is

W, + Wy = Wy =2 jEzdr bt jBZdr — 474
Volume MO Volume
WEB :l J‘ (SOEZ +iBZJ dT - 475
Volume MO

Now let us consider some charge and current configuration at time t, which produces
fields E and B. In the next instant of time, the charge dq moved around a bit. Therefore
according to the Lorentz force law the work done on an element of charge dq by the
electromagnetic forces is

F-di=dq [E+(vxB)|-vdt [ dl=vdt] - 4.76
dw =dg [E+(vxB)]- vdt — 4,77
dw =dg E-vdt+dg-(vxB)-vdt - 4.78

Since the divergence of curl is zero, the second term in the right hand side of the equation

4.78 becomes zero. Thus we have

dw =dq E- vdt --4.79
dw =E-v dqdt ---4.80
But dg=p dt { p= d—q}
dt
Therefore dw=E-v pdtdt ,but]=pv
Hence dw=E-J drdt
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or ---4.81

Therefore the total work done on all the charges in some volume V is given by

(jj_vtv - I(E.J) dt ---4.82

Volume

In the above equation 4.82, (E-J) is the work done per unit time per unit volume and is

also known as the power delivered per unit volume. In other words IE-J dt represents

Volume
the rate of energy transferred into the electromagnetic field through the motion of free
charges in volume V.
In equation 4.82, J can be eliminated by expressing the quantity E-J in terms of

field alone by using Ampere’s law with Maxwell’s extra term.
oE
VxB=p,J+pn,e,—
Hov T Ho&g at

Taking scalar product E on both sides, we get

c 020)-E o

E'(VX B): MO(E"])"‘HOSO(E'%)
or HO(E'J):E'(VXB)_MOSO E'%
(EJ):iE.(sz)—go e.%E - 4.83
Ho ot
But V-(ExB)=B-(VxE)-E-(VxB)
E-(VxB)=B-(VxE)-V-(ExB) - 4.84
From Faraday’s law we have
oB
VxE=——
ot

Now equation 4.84 becomes as
E-(VxB)= B-(—%)—V-(EXB)

E-(VxB):—B-(%j—v-(ExB) --- 4.85

Substituting equation 4.85 in 4.83, we have
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Therefore

- 4.86

aw _ [ I—EQ[LBZH-:OEZJ—LV-(EXB)} dt - 4.87

dt

Volum 2 at HO ”’0
or aw _ —lﬁ(i B? +80E2]dr—i [ V-(ExB) dt ---4.88
dt Volume 2.0t Ho Ho Volume

w__d l(iBzﬂzoEszr—i jv-(ExB) dt--- 4.89
dt dt 2 Ho Ho Volume

Volume

By applying Gauss’s divergence theorem, the second integral term becomes

1 [ V-(ExB)dt= [(ExB)da

MO Volume Surface
w__d l[iBZJrSOEzjdr—i I(EXB) da ---4.90
dt dt Volume 2 Ho Mo Surface

This is known as Poynting theorem. It is also called as the work-energy theorem.

In equation 4.90, the first integral on the right represents the total energy stored in
the fields. i.e. Wgg. The second integral represents the rate at which energy is carried out
of V, across its boundary surface by the electromagnetic fields.

Generally Poynting theorem says that the work done on the charges by the
electromagnetic force is equal to the decrease in energy stored in the field, less the energy

which flowed out through the surface.
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The energy per unit time, per unit area transported by the field is called the
‘Poynting vector’ S and is also known as ‘energy flux density’. Hence
S= i(E x B) —-4.91
Ho
By using equations 4.75 and 4.91, Poynting theorem (i.e. equation 4.90) can be
expressed more compactly as
W 9w, [ da - 4.92
dt dt <
The work done W on the charges will increase their mechanical energy (i.e. Kkinetic,

potential or whatsoever). Let Uy, be the mechanical energy density, then

dw d

—=——\U,, d ---4.93

dt dt ( M T)

Let Ugg is the energy density of the field, then

Ug = l(goE2 +i sz ---4.94
2 Ho

dW—EB:—ijUEB dr - 4.95

dt dty,

Putting equations 4.93 and 4.95 in 4.92, we obtain

% (u,, dr)=_% [Ue di— [S-da

Volume Volume Surface

% [ (U dt)+% [Ug dr=— [s-da

Volume Volume Surface

% (Uy +UgJdr=— [s-da

Volume Surface

or % (UM +UEB)dr:— I(V-S) da

Volume Volume

or (V-S)=—§(UM +Ug) - 4.96

This is the integral form of Poynting theorem.
Comparing it with the continuity equation,V-Jz—gt—p, expressing the

conservation of charge, the charge density is replaced by the total energy density
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(i.e. both mechanical and electrical) and the current density is replaced by the Poynting

vector. S describes the flow of energy and J describes the flow of charge.

Manonmaniam Sundaranar University, Directorate of Distance & Continuing Education, Tirunelveli.
86



UNIT V : WAVES IN BOUNDED REGION AND RADIATION

Reflection and refraction of EM waves at the boundary of two conducting media —
Normal incidence and oblique incidence — Brewster s angle— Wave guides — Rectangular
wave guide — Cavity resonators — Radiation from an oscillating dipole —Transmission line
theory — Transmission line as distribution circuit— Basic transmission line equations

5.1 Reflection and refraction of EM waves at the boundary of two conducting media

When the electromagnetic wave travelling in one medium smacks upon a second
medium, the wave will be partially transmitted and partially reflected depending upon the
constitutive parameters of media. Depending upon the manner in which the uniform plane
is incident on the boundary, there are two classes of incidence.

(1) Normal incidence: When a uniform plane wave incidences normally to the boundary
between the media, it is known as normal incidence.

(ii) Obligue incidence: When a uniform plane wave incidences obliquely to the boundary
between the two media, then it is known as oblique incidence.

5.1.1 Normal incidence

When an electromagnetic wave travelling in one medium enters a second medium
having different dielectric constant, permeability or conductivity, the wave will be
partially transmitted and partially reflected mainly on account of discontinuity of the
medium. In the case of a plane electromagnetic wave in air varying with time and incident
normally upon the surface of a perfect conductor, the wave is entirely reflected because
neither E nor B can exist within a perfect conductor. Since no energy is wasted in a
perfect conductor, the amplitudes of E and B in the reflected wave are the same as in the
incident wave. The only difference between the incident and reflected waves is in the
direction of energy flow.

The boundary conditions used to analyse the reflection and refraction of
electromagnetic wave through liner media are
(i) &,E; —&,E, =0
(i) B, =B,

(iii) E, =E,, and --5.1

(iii) =B, ——B, =K, xA
u u

1 2

where o¢ = free surface charge at the boundary,

K¢= free surface current at the boundary and
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A is the unit vector perpendicular to the surface pointing from medium 2 to medium 1.
For ohmic conductors, the free current at the boundary is zero (i.e. K¢=0).

Consider the YZ plane forms the boundary between a non-conducting linear
medium 1 and conducting medium 2. A monochromatic plane wave, travelling in the

x-direction and polarized in the y-direction, approaches from left to right as shown in

Figure 5.1
y
Medium 1 Medium 2
ISI ET
Vi Vi
B, By
X
Er By
Interface
J d
z
Figure 5.1

The electric and magnetic fields of the incident wave are given by
= = Ai(kx-ot)?} — 1= ikx-ot)], | .. 1
E,(x,t)=E, e®"} and B,(x,t)=—E,e® Yk |-+ B, =—E,
1 Vl 1 1 Vl I
This incident wave gives a reflected wave, which travels back to the left in medium 1.

Hence the electric and magnetic fields of the reflected wave are

~ ~ A ~ 1= ~
ER(X' t) =E, e ) and By (X, t) =-—E, ek --52
R V1 R
The transmitted wave continues to the right in medium 2. Hence

A

E.(x,t)=E, e} and

- -~ ~ -~ ~ ---5.3
BT (X, t) = Vi EOTel(kzx—mt)k — % EOTel(kzx—mt)k ( V= %)
2

From equation 5.3, we observe that the transmitted wave is attenuated as it
breaches into the conductor due to the complex nature of the wavenumber k. (k. has
imaginary part in accordance with k = k, + ik.).

Atx=0,E, =0 and B, =0

Since E, =0 on both sides, boundary condition 5.1 (i) yields of = 0 [ 0-0=0= Gf] :
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E,, +E, =E, 5.4
and equation 5.1 (iv) becomes

S B, _1 B, =0 (.- K;=0) ---55

Ly U,

where [y and [, are the permeabilities of medium 1 and medium 2 respectively.

L iEOI +(—iEORj —i(ﬁjEOT = { B, :EEO} 5.6
W[ Vs Vi Ha \ O c

i{i g, - LE, —i(ﬁjEOT ~0 57
i [Vy Vi Ha \ @
L, -E, ]:i(ﬁjéoT 58
A Ho \ ©
1 = = k, =
EoI _EOR]: 2 EoT
Vg Ko
g, —E, =MV [E | 59
Ho®
Eo. - EOR =P [EOT] |: B= VK :| ---5.10
H2®
Adding equations 5.4 and 5.10, we get
2E, =E, +BE, =E, (L+p) 511
~ 2 ~
E, = E ---5.12
Top)
Subtracting equation 5.10 from 5.4, we obtain
2E, =E, —PBE, =E, (1-B) 513
E, :béo —-5.14
R 2 T
Putting equation 5.12 in 5.14, we have
g, -4=B, 2 g ~--5.15
® 2 (@1+p) ™
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---5.16

For a perfect conductor, B is equal to infinite (i.e. ¢ = ©). Therefore we have

E, =-E, ---5.17
Eo, =0 ---5.18

Thus in the case of a perfect conductor, there is no transmitted wave. The incident
wave is totally reflected with a 180° phase shift. That’s why conductors such as silver
make good mirrors.

5.1.2 Reflection and transmission of electromagnetic wave in a matter at
obliqueincidence

When a plane electromagnetic wave is incident obliquely on the boundary, a part
of the wave is transmitted and part of it is reflected. In this case the transmitted wave will

be refracted i.e. the direction of propagation will be changed (Figure 5.2).

Medium 1 Medium 2
kg
kr
0
R /{
0 Plane of incidence .
ky
Figure 5.2

The electric and magnetic field vectors of the incident wave are given by

E,(r,t):Eole“k”‘“‘) and E,(r,t):vi[K,xE,] {:BOI:VLEOJ --5.19

1 1
This incident wave gives a reflected wave, which travels back to the left in medium 1.

Hence the electric and magnetic fields of the reflected wave are
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ER(r,t)z EORei(kryr*mt) and éR (r,t)zvi[KR xEq] ---5.20

1

The transmitted wave continues to the right in medium 2. Hence

E;(r,t)=E,,*" and éT(r,t):Vi[KT xE.] —-5.21

2

According to the boundary conditions, the combined electric and magnetic fields in
medium 1 is equal to the fields in medium 2. i.e., E, +E; =B, +By.

The boundary conditions for the field vectors E and B are

(i) &E, =¢,E,

(i) B, =B,

(i) E, =E,  and

(iii) el B, = 1 B,,
Hy 2

Hence applying the boundary conditions, the field equations become as

81|_Eo. +Eq | x= 82|_EoTJ X ---5.22
[Bo, +Bo. | =B, ], 5.3

lEO| + EORJ y,z= [EOTJ Y,z “'5.24
i[Bo, +By | YZ=L[BOT] - --5.25
Hy K ’

Assume that the incident wave is parallel to xy plane (Figure 5.3).

Y
Medium 2
E
ky
B
O =
X
Figure 5.3
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Now the equation 5.22 becomes as
&|-E, sin®, +E, sinO |=¢,|-E, sin,| ---5.26
where 6,, 6, and 0, are the angle of incidence, reflection and transmission

respectively.
Equation 5.23 becomes zero since the magnetic fields have no x components.
From equation 5.24, we have
[EOI cos, +E,_ cos GRJ = [EOT cos GTJ ---5.27

: 1 : .
Since B, =—E,, equation 5.25 can be rewritten as
Y

1 1
WV, [Eo. +E,, ] = v, [EOT] ---5.28
|iEO| - EOR ] - :ltlzl [EOT] = B EOT |: B = %} ---5.29
2V2 2V2

when 0, = 0, the equation 5.27 becomes
[EOI cos6, +E,_ cos6, J = [EOT cos GTJ

|E, +E,, |cos6, =E,, cose;

[Eo. +E,, ] = (;(;SS(ZT EOT]: ok, { o= %} - 5.30
| |

Adding equations 5.29 and 5.30, we get
|[E,, —Es, J+|Eq, +Eq, |=BE, +0E,
Eo, —Eo, +Eo, +Eo, =BE,, +aE,,
2E,, =[a.+BE,.
= :ﬁEOI ---5.31
Subtracting equation 5.30 from 5.29, we get
—2E, =(B-o)E,,
2E,, =(a—B)E,, --- 5.32

Substituting equation 5.31 in 5.32, we obtain

2EoR :(0L _B)[L

OL+B]E0'
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---5.33

Equations 5.31 and 5.33 are known as “Fresnel’s equations” for polarization in the plane
of incidence.
If a > B, then the reflected wave is in phase with the incident wave and if a < B, the
reflected wave is out of phase with the incident wave.

The amplitudes of the transmitted and reflected waves depend on the angle of

incidence. This is because a is a function of 0.

+1-=si 2
a:COSOT = sin” by [ cosezx/l—sinze]

---5.34
cos 0, Cos 0,
1
2 22
1—[nlsin e,j [1—[:]1Sin9|j ]
n
o = 295 0 _ 2 = 2 SN0, = M gin 0, --5.35
Cc0os 9, Cc0os O, €os 6, n,

Case (1) when the incidence is normal to the plane boundary, then 6, = 0. Hence, o=1.
Case (i1) at grazing incidence, i.e. 6; = 90°, a diverges and the wave is totally reflected.
Case (iii) at an intermediate angle, the reflected wave is completely extinguished.

ie. E, =0. This is possible only when o = f. Thus the angle of incidence at which the

reflected wave is completely extinguished is known as ‘Brewster’s angle’.

The reflection coefficient for waves polarized parallel to the plane of incidence is

1 2
—&V,E%, cos g 2
I & ViE 0q R EZ,
R=I—R=21 =% 6=6,] ~--5.36
! Egllezo, cos 6, %

[The average power per unit area (i.e. intensity) | = %aVEOZ]

2 2
R= E2°R =(°°_B)2 [From equation 5.33] ---5.37
E*, [Oc+[3]

Then the transmission coefficient is

| ;ezszon cos 0,
T =T

, 1 2
Eslle 0, COS,
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2

T8 (0“"6

2
T8V Eo, | cosO,
gV, | By | cosH,
2
T8V By, o | g G086
&V, | Eo, cos 6,

2
F
o (Using equation 5.31)  --- 5.40

& Vy E,,

T=ab Liﬁ}

---5.38

---5.39

- 541

According to the law of conservation of energy, R+T=1. At Brewster’s angle, the

reflection coefficient R becomes zero and the transmission coefficient T becomes 1,

hence the law of conservation of energy is conserved. That is the energy per unit time

reaching a particular spot of area on the surface is equal to the energy per unit time

leaving the spot.

5.2 Brewster’s angle

The angle of incidence at which the reflected wave is completely extinguished is

known as ‘Brewster’s angle’.

When a = 3, from equation 5.35, we have
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=B —5.42

(BZ —B?sin? OB):l—(&} sin® o,

n2
2
N | 20 2 02 ain?
[n—J sin“0g =1-PB°+Psin” O,
2

2
(ﬂj sin?0, —?sin? 0, =1

n,

2
K%} —[32]s,inzeB —1-p?
2
2
sin® 0, B --5.43

n, 2_ 2
(nzj P

If W1 = Mo, then B= % . Now the equation 5.43 becomes

1

1_82 1_Bz Bz(l_Bz)

sin? 0 = N T o 1P
(sj o
-, B?(1-p?) p?
08 = o =T —-5.44
T T ) -p) T W)
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n ) tan? A
We may deduce tano, =p=—2% rsin? A= ---5.45
Y s =P n, { L+ tan? AJ

0, = tan‘{&] - 5.46
nl

At this angle 0g, which we call Brewster’s angle, there is no reflected wave. Quartz
windows of gas-laser in the gas discharge tube are inclined to the Brewster’s angle to
minimize reflection losses. Because of these windows the laser output is almost linearly
polarized.
5.3 Wave guides

Waveguides, like transmission lines, are structures used to guideelectromagnetic
wavesfrom point to point. However, the fundamentalcharacteristics of waveguide and
transmission line waves (modes) are quitedifferent. The differences in these modes result
from the basic differencesin geometry for a transmission line and a
waveguide.Waveguides can be generally classified as either metal waveguides
ordielectric waveguides(Figure 5.4).

Metal waveguides

ne

Rectangular waveguide Circular waveguide

(@)

Dielectric waveguides
TE
M8 91}
Dielectric slab waveguide Optical fiber
o)
Figure 5.4
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Metal waveguides normally take the form of anenclosed conducting metal pipe.
The waves propagating inside the metalwaveguide may be characterized by reflections
from the conducting walls.The dielectric waveguide consists of dielectrics only and
employsreflections from dielectric interfaces to propagate the electromagnetic wavealong
the waveguide.

A wave guide is a hollow pipe of infinite length. Now let us discuss the
propagation of electromagnetic waves along a hollow conducting pipe. Consider an
electromagnetic wave confined to the interior of a hollow cylindrical pipe or wave guide.
Here we assume that the wave guide is a perfect conductor. So that E=0 and B=0 inside
the material itself. The boundary conditions at the inner walls of the waveguide are

(I)E, =0 and (i1)B, =0

From Maxwell’s equations, we have

(i) V-E=0 )

(i) v-B=0

(iii) Vsz—% and > - 5.47
1 oE

(v) VxB=—=
c” ot )

The confined waves are not transverse. In order to fit the boundary conditions, we

have to include the longitudinal components of the fields Ex and Bx. Hence we have
E,=E,+E/j+Ek ;B,=B,i+B,j+B,k

From Maxwell’s equation 5.47 (iii)

VxE = _G_B
ot
Vs x{ Eo NICEW } _ _%(Boei(kx—wt))

Talleis g s R)et ) foivm Bk Jove]

s e OB, . 0B, . . |
V(B0 +E,j+Ek)etem | By gitocwy _ j e k%e'(k”")

ot
i j k
9 K o
OX oy 0z

i(kx—wt) i(kx—wt) i(kx—wt)
E.e E.e E.e
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oy 0z oX

k Eei(kx—wt) _@ei(kx—wt)
OX oy

i{Eei(kxwt) _ aEy ei(kxm)}_j{@ei(kxwt) _ aéEX ei(kxwt)}+
Z

—Xp
ot

_ OB, ikxwt) _ ] 8By gilkx-wt) _ k@ei(kx“"’t)
ot ot

The exponential factor in E is e'®°Y. Hence we have (8/6x) =ik and (6/6t) =-iw. Then

oE
@——y=inx
oy oz
OB, OB, )\_i.B
oX o0z Y
or E, %, =ioB
0z  OX Y

%, ke, =ioB,

or
oz
oE
&y % i,
oxX oy

or ikE, — o, =inB,
oy

Similarly using Maxwell’s equation 5.47 (iv), we have

V x { §0 ei(kx—wt)}: C_lzg(Eoei(kx—m))

B, B, i

oy oz ¢
0B, . )
—x-ikB, =~ E,
. oB, o
ikB, — o

From equation 5.53, we have

OB, o
*+—E
oz c¢* "’

ikB, =

B, = | B J0p
ikl 0z ¢

Substituting equation 5.55 in 5.51

- 5.48

- 5.49

---5.50

---5.51

---5.52

---5.53

---5.54

---5.55
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oE, . 1{(38”'_?%}

ikE, — =l®-
Y ikl 0z ¢
ikE, ~ ox 2@ By J0p
oy kioz c
iKE _ Ok, =988X N I(o2
Yooy k oz ket !
v 2
ikE _I%E _0dB, ok,
Y oke* Y k oz oy
Multiply throughout by ik, then
2
KE, + 2 E, =i P ik
0z oy
2
—KE, + 2 E, =ik Tx 4 i
0z
2
O ek, =ik Ex4inTs
c y oy oz
, _
E,| 2k |=i| kExy B
C | oy 0z
S {kaEerwan}
{m_kz oy oz
CZ
Similarly we can obtain E,, By and B,
E - 2| oE, COc’)Bx
{co 2} 0z oy
2k
c
i [ oB, dE,]
Byz' 2 k T2
® 2|l oy ¢ oz
?—k
B o | kaBX+gzaEx
o Ll 6z c° oy |
C—z—k

--- 5.55a

--- 5.55b

--- 5.55¢

--- 5.55d

Then it is very easy to find the longitudinal components E, and By. From equation 5.48,

we have
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T oy oz
B - L|% &
* io| oy oz

Putting the values of E, (equation 5.55b) and E, (equation 5.55a), we get

X

i® o oz oy
2

c

g _l]o| i {kaExﬂﬁan} _]o i {kaExma
8y k2 2:|

1 [ 0°E, 0°B, 0°E, o°B,
B,=|— 1| — k —o———K - 00—

o) 2 0yoz oy ozoy 0z
2

c

B - ~® 0°B, 9°B,
6y2 aZZ

Similarly for Ex

From equation 5.56, we obtain

2 2 2
o {F e

From equation 5.57, we obtain

2 2 2
(e

---5.56

---5.57

--- 5.58

---5.59
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5.3.2 Mode Classification

In uniform waveguides it is common to classify the various wave solutions found
from the previous analysisinto the following types:
(i) TEM waves: Waves with no electric or magnetic field in the direction of propagation
(Bx = Ex = 0).Plane waves and transmission-line waves are common examples.
(i) TM waves: Waves with an electric field but no magnetic field in the direction of
propagation (Bx =0,Ex# 0). These are sometimes referred to as E waves.
(iii) TE waves: Waves with a magnetic field but no electric field in the direction of
propagation (Bx#0,Ex= 0). These are sometimes referred to as B waves.
(iv) Hybrid waves: Sometimes the boundary conditions require all field components.
These waves can beconsidered as a coupling of TE and TM modes by the boundary.
5.4 Rectangular waveguides

Rectangular waveguides (Figure 5.5) are the one of the earliest type of the
transmission lines. They are used in manyapplications. A lot of components such as
isolators, detectors, attenuators, couplers and slotted lines areavailable for various
standard waveguide bands between 1 GHz to above 220 GHz.A rectangular waveguide
supports TM and TE modes but not TEM waves because we cannot define a
uniquevoltage since there is only one conductor in a rectangular waveguide. The shape of
a rectangular waveguideis as shown below. A material with permittivity & and
permeability p fills the inside of the conductor.A rectangular waveguide cannot propagate

below somecertain frequency. This frequency is called the cut-offfrequency.

: I

Plane Wave a

N

R G —

Rectangular Waveguide
a=120 mm, b =300 mm, d =300 mm, w =1= 60 mm

Figure 5.5
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5.5 Cavity resonators

A cavity is known as a space totally enclosed by a metallic conductor and excited
in such a way that it becomes a source of electromagnetic oscillations. The different types
of cavities are: microwave cavity, microwave resonance cavity, resonant cavity, resonant
chamber, resonant element, rhumbatron, tuned cavity and waveguide resonator.

Cavity Resonator is an oscillatory system that operates at super high frequencies. It
is the analogy of an oscillatory circuit. The cavity resonator has the form of a volume
filled with a dielectric-air, in most cases. The volume is bounded by a conducting surface
or by a space having differing electrical or magnetic properties. Hollow cavity resonators
i.e. cavities enclosed by metal walls-are most widely used. Generally, the boundary
surface of a cavity resonator can have an arbitrary shape. However,in practice, only a few
very simple shapes are used because such shapes simplify the configuration of the
electromagnetic field, the design and manufacture of resonators. These shapes include
right circular cylinders, rectangular parallelepipeds, toroids, and spheres. It is convenient
to regard some types of cavity resonators as sections of hollow or dielectric wave guides
limited by two parallel planes.

The solution of the problem of the natural (or normal) modes of oscillation of the
electromagnetic field in a cavity resonator reduces to the solution of Maxwell’s equations
with appropriate boundary conditions. The process of storing electromagnetic energy in a
cavity resonator can be clarified by the following example: if a plane wave is in some
way excited between two parallel reflecting planes such that the wave propagation is
perpendicular to the planes, then when the wave arrives at one of the planes, it will be
totally reflected. Multiple reflection from the two planes produces waves that propagate
in opposite directions and interfere with each other. If the distance between the planes is
L = nA/2, where A is the wavelength and n is an integer, then the interference of the waves
will produce a standing wave (Figure 5.6).The amplitude of this wave will increase
rapidly if multiple reflections are present. Electromagnetic energy will be stored in the
space between the planes. This effect is similar to the resonance effect in an oscillatory
circuit.

5.5.1. Quality of the resonator

Normal oscillations can exist in a cavity resonator for an infinitely long time if

there are no energy losses. However, in practice, energy losses in a cavity resonator are

unavoidable. The alternating magnetic field induces electric currents on the inside walls
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of the resonator, which heat the walls and thus cause energy losses (conduction losses).
Moreover, if there are apertures in the walls of the cavity and if these apertures intersect
the lines of current, then an electromagnetic field will be generated outside the cavity,
which causes energy losses by radiation. In addition, there are energy losses within the
dielectric and losses caused by coupling with external circuits. The ratio of energy that is
stored in a cavity resonator to the total losses in the resonator taken over one oscillation is
called the ‘figure of merit’, or ‘quality factor’, or ‘Q’, of the cavity resonator. The higher
the figure of merit, the better is the quality of the resonator.

N, A, N, A, N, A, N,
’<....
""""" - = - ‘,.--"' . P —
R B ~ | -
P T~ - O ~X
ET_ 9 o -
X
Qmmm? g
e s 7 -1 ~ .
SO o - :“‘*-.. > X
P P
Cab pbtt= R T,
4v‘""’l‘-—u:).--m’" i
PP’
=~ -~ o e - 1"~ S -
«‘?\\ -~ :‘-_ - ~ - > g
4 MA P A | M4 P W4 M4
€ —-de-—-3e--de--3e-—-be--I
XI AI X.’-‘ AZ N3 A.1 XJ
Figure 5.6

By analogy with wave guides, the oscillations that occur in a cavity resonator are
classified in groups. In this classification, the grouping depends on the presence or
absence of axial and radial (transverse) components in the spatial distribution of the
electromagnetic field. Oscillations of the B (or TE) type have an axial component in the
magnetic field only; oscillations of the E (or TM) type have an axial component in the
electric field only. Finally, oscillations of the TEM type do not have axial components in
either the electric or the magnetic field. An example of a cavity resonator in which TEM
oscillations can be excited is the cavity between two conducting coaxial cylinders having
end boundaries that are formed by plane conducting walls perpendicular to the axis of the

cylinders.
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5.6 Radiation from an oscillating dipole

Consider two metal spheres separated by a distance s and connected by a wire as
shown in Figure 5.7.

Let q(t) be the charge on the upper sphere and —q (t) be the charge on the lower
sphere in time t. Also assume that the two charges are driven to move back and forth from

one end to the other at a frequency ®. Therefore

q(t) = g, cos wt ---5.47
Z
5 P
q-
1
L
< >
y
q.
Figure 5.7

An oscillating electric dipole is described as
P(t) =aq(t)s - 5.48
P(t) = g, coswts
P(t) = (q,s) cos ot
or P(t) =p, cosmtk [ q,s=p,] —-5.49

where po is the maximum value of the dipole moment.

The retarded potential at P is given by

r, r
. qocom(t—cj %COSU{t—C]
V(r,t)= ---5.50

4rme, r r

+ —

Using law of cosines, we may have
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---5.51

r, = r cos O
r, = |:r(1+—— Ccos 9) ---5.52
119118 s e] 553
r. r 2r
Therefore
CoS w(t —r—ij — cos {co{t —l-r(ﬁ 1S s e]H 554
C c 2r
cosw( ——*j = COS {m{t—ii—— COS OH
C C c
cos co(t —r—*) = COS {w{t —Lj ilm—s COS 6} ---5.55
C c) 2¢
But

coS m(t—ijim—s cos0 | = cosw(t—ij coS (0)_5 cosej$
c 2C c 2C
sin m(t—ij sin (w_s cose)
c 2C

[From cos(A+B)=cosA cosB—sinA sinB]

--- 5.56

For perfect dipole, s <<r

cos (?—s cos 9) =1, [cos(0)=1, -+ 6 is very small]
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and sin ((g—z cosej = 620—(‘:’ cos® [sin@=6, -0 is very small]

Now equation 5.56 becomes as

coSs {w(t—iji(;—s cos@} = cosw(t—ij F sin m[t—ij S cos0
C c

---5.57
C c) 2c

Substituting equation 5.57 in 5.55, we obtain

COS m(t—r—*j = COSw(t—Lj F s €0s 0 sin m[t —Lj
c C 2C C

Substituting equations 5.53 and 5.57 in 5.50, we get

cosw(t—ij —m—scose sinm(t—i) 1(1+li cosej -
c 2C 2r

c r
V(r,0,t) = 4 ---5.58
e
0 cosw(t—ij + 95 os0 sinco(t—ij 1(1—£§ coseJ
C 2C c/)|r 2r
cos(»(t—LJ _ s cos 0 sin w(t—ij +—— cos0 cosw(t Lj
C 2C C c
2
. —(Z—fc cos® 0 smco(t——) —cosw[t %)
V(r,0,t) = 4 - .
ngo ' _ DS 050 sin m[t—£j+—§ cos0 cosco(t—ij
2C c) 2r c
2

+ 95 0520 sin m(t—ij
i 4rc c

V(r,0,t) = G 1 ~2 95 050 sin m(t—£]+ 215 cos O COS(;)('[—L)
e, T 2C C 2

r C

V(r,0,t) S GJ{ ~ 95 050 sin m(t—£j+§ cos0 cosw(t—iﬂ
dre, \r c

C r C

V(r,06,t) :4q—° %scose{ —% sinm(t—g}t% cosw(t—iﬂ
TE,

C

V(r,G),t):(qos)iSe { _e sinw[t—LJ+1 cosw(t—iﬂ
4me,r C c) r

C

V(r,e,t):Lose { _o sina)(t—i}1 cosw(t—iﬂ ---5.59
4me 1 C c) r

C
In the static limiti.e. ® =0
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---5.60

The equation 5.60 gives the potential of an oscillating electric dipole.

- : : : : c
In radiation zone, i.e. the field at large distance from the source i.e. r >>—, the
@

second term in equation 5.59 vanishes.

V(r,0,t) = Po C00 { —% sinm(t—iﬂ

4mer

V(r,6,t) =4p(;°°c [ (Corsej {—sinm(t—gH
TE
V(r,0,t) = — o €050 Jsine t—"|! |- 5.61
4me C r c

The vector potential is determined by the current flowing through the wire. Hence we

write
dg ¢
I(t) =—k
(t) ot
I(t) =d—q(qO cos ot )k
dt
I(t) =—q, wsinot k
Therefore the vector potential due to an oscillating dipole is
s | g, osin m(t—ijk

A(rt) = o I
an
%

dz [From Figure 5.8] - 5.62

r
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-9 R P

Figure 5.8

The integration itself introduces a factor s. Hence, we can replace the integrand by its

value at the centre. i.e.

A0 = sinof -] £-(-2 ) f
T

A(r,0,1) = —“02#@ sin m(t—éj [s]k

A(r,0,1) :—%;’;m sin m(t—gj k

A(r,G,t):—%;rm sinw[t—%} k (q,5=p,) ---5.63

For spherical coordinates
k =cosOFf —sin6 0

Hence equation 5.63 becomes

A®r,0,t) = —HoPo @ g of ¢ T (cos@?—sine é) --- 5.64
anr c

From the scalar potential equation we have,

w9V, Vs 565
or r 00

Substituting equation 5.61 in 5.65, we get

VV:Q ~ P (—COSOJ sino{t—ij f+
or | A4me,C r c

101 o [—Cosej—sino{t—ij )
r oo | 4mey,C r C
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vV =—P® cose{ (—izj sin o)(t—ij+1 oS ® (t—i)(—gj}H
4me,C r c) r c c
%(—po—m]{ sin co(t —Lj (~sin 9)}@
r 4meC C

. c . 1 .
Since r >>—, then r%is very large and thereforer—2 can be neglected. Hence equation 5.67
()

becomes as

vV =— P co5 1 COS ® (t—ij(—gj f
4me C r c\ ¢

2
vv =P (@j Cos (t —1) i ~--5.68
drec® \ T c

Then from equation 5.65, we have

OA _ O] Moy © sinco(t—ij (cosot —sin6 )
ot ot

Antr C
2
OA _ _BoPo®” cosw(t—ij (cosef—sine 9) ---5.69
ot 4nr C
The relation between the electric field, scalar potential and vector potential is given by
E:—W—% ---5.70
ot

Substituting equations 5.68 and 5.69 in 5.70, we get

2
Ep_w(_ej 050 (t_ijm

4ne,c’\ 1 C 571
, .
HoPo® cosw(t —Lj (cosef —sin® e)
Air C
2 2
We know ¢? = and therefore Po®  _ HoPo®
HoBo 4rme, 4
Ho€o
Now equation 5.71 can be rewritten as
2 2
E — _HoPo® cosOfcosm t—L +“°p—°m COS ® t—L cosOf —
Air C Ay C 5.7
, .
HoPo @ cosw(t—ijsine 0
4mtr C
2 -
E=_ HoPo® (chos m(t —1) 0 -5.73
4r r C
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1| 0 oA, |.
Then VxA==|—(rA,)—— ---5.74
r{ar( o) o0 }P
Putting equation 5.64 in 5.74, we obtain
VxA=—HoPo © {9 sinBcos m[t—£j+ﬂ sin w(t —Ljfp} 575
4nr | C c r C
Sincer >>£, the second term in equation 5.75 vanishes. Hence
«
WPy ® | . r.
VxA=-"2"— {— sin ecosw(t——j(p} ---5.76
4rr c C
But we know B = VxA. Therefore the magnetic field B is given by
2
B=—HPo @ gingcos w(t—Lpr
4nrc c
» :
or B= _HoPo @ (sm e]cow{t—i)fp ---5.77
4mc r C

Equations 5.73 and 5.77 are the electric and magnetic field vectors (E and B respectively)
of monochromatic waves of frequency ® propagating in the radial direction with a

velocity of light. E and B are also in phase, transverse and mutually perpendicular. The

0
ratio of their amplitudes of the field vectors is equal to the velocity of light i.e. E— =C.
0

The energy radiated by an oscillating electric dipole is determined by Poynting

vector S.

s=1 (ExB) - 578

Ko

Therefore

2 H 2 H
S=i{— HoPo © (—SmejCOSoa(t—Lj B x—HoPo @ (Sm ejcosw(t—ijfp}
[T 4n r c 4nc r c
1 p, |p, @ (sin®d M.’ A
S=—=2 .20 (—jcosw(t——jf [ efp:f]
K, C 4n r c
2
2 :
S:H_o{po_@ (ﬂjcom{t—i}} - 5.79
c 4n r c

The intensity of the wave is obtained by taking the time average of equation 5.79 over a

complete cycle. Hence we obtain
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2 4 -2
(S)=to Po O (SO ; ~--5.80
c 32n r
Along the axis of the dipole sin 6 = 0. Hence there is no radiation along the direction of
axis of the dipole. Therefore the profile of the intensity of radiation seems to be a donut

with its maximum in the equatorial plane (Figure 5.9).

Figure 5.9

The total power radiated by the oscillating electric dipole is found by integrating S over a

sphere of radius r. Therefore

(P)= (s)-da ---5.81
o0t [T

2 4 ta 2
=05 B (25 sy

_ H_opo2 o' i
(P)-J' Lo — sin?0-sin6dod

c 32n°
2 4
P)=] “TO'[’;Z—"; sin® 0dod¢
T
<P>=“_0 Py o' _Tf Zf sin®0dodd
c 32n° 620 420
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<P>:“—°—p°2 o’ Tsinsedezndq)
c 32n° oo oo
2 4
P :MO pO ® ﬂ 2
P)= e 3 3
Mo Po o' 8
(P)= c 32n 3
()= Lo Re e 2
c 4n 3
2 4.4 2
py_Ho Pg 0 1¢C°
(P) c 4n 3¢
2 4
py—Ho Po @ 11
<> C  4nc® 3 pyg,
Py @’ 1L _ pol L
4nc® 3 g, 4ne, 3c°
2 4
P @ 1
P) = =
< > 4ne, 3c°
1 p, o
Py=—— Fo ® - 5.82
< > 4re, 3

This quantity is independent of radius of sphere. Therefore the conservation of energy is
expected.
5.7 Transmission Lines Theory

In an electronic system, the delivery of power requires the connection of two
wires between the source and the load. At low frequencies, power is considered to be
delivered to the load through the wire.

In the microwave frequency region, power is considered to be in electric and
magnetic fields which are guided by some physical structure. Any physical structure that
will guide an electromagnetic wave one place to other place is called a Transmission
Line.

A transmission line is a device designedto guide electromagnetic energy from one
point to another. For example, it is used to transfer the output rf energyof a transmitter to
an antenna. This energy will nottravel through normal electrical wire without greatlosses.
Although the antenna can be connecteddirectly to the transmitter, the antenna is

usuallylocated some distance away from the transmitter. A transmission line is used to
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connect the transmitter and the antenna.The use of the transmission line purpose is
totransfer the energy from the transmitter to theantenna with the least possible power loss.
The transmission quality depends on the special physical andelectrical characteristics
(impedance and resistance)of the transmission line.
5.7.1 Types of Transmission Lines
The types of transmission lines include
Coaxial cable
Two wire line
Parallel plate or parallel line
Micro-strip line
A wire above the conducting plane
Optical fiber

The different types of transmission lines are portrayed in Figure 5.10.

Longitudinal view Cross sectional view
L ]
[}
Coaxial line

CT (@)
~ Z o
Two-wire line (ac)

J_—_ R o
|

Two-wire line (dc)

Parallel plate or parallel line

/ ’ —1

| S—

Micro-strip line
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Wire above conducting plane

I~ -

Optical fiber
Figure 5.6

The electric field is associated with the potential difference between the two ends
of the conductor. When an electromagnetic wave propagates through the line, both the
electric and magnetic fields are at right angles to each other. The plane containing both
the fields is at right angle to the axis of the conductor. It means that the electric energy
flows at right angle to the plane containing the electric and magnetic vectors. This type of
transmission is technically known as transverse electric (TE) and transverse magnetic
(TM) mode. This type of transfer of signal from transmitting end to the receiving end is
called wire line connection. Thus the transmission line can be regarded as a guiding field
so that it is confined near the line rather than spreading in space.
5.7.2 Electric current parameters

Transmission line constants, called distributedconstants, are spread along the
entire length of thetransmission line and cannot be distinguished separately. The amount
of inductance, capacitance, andresistance depends on the length of the line, the sizeof the
conducting wires, the spacing between thewires, and the dielectric (air or insulating
medium)between the wires.
Inductance of a transmission line

When current flows through a wire, magnetic linesof force are set up around the
wire. As the currentincreases and decreases in amplitude, the field aroundthe wire
expands and collapses accordingly. Theenergy produced by the magnetic lines of
forcecollapsing back into the wire tends to keep the currentflowing in the same direction.
This represents a certainamount of inductance (L), which is expressed inmicrohenrys per
unit length.
Capacitance of a transmission line

Capacitance (C) also exists between the transmissionline wires. Notice thatthe two

parallel wires act as plates of a capacitor andthat the air between them acts as a dielectric.
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Thecapacitance between the wires is usually expressedin pico-farads per unit length. This
electric fieldbetween the wires is similar to the field that existsbetween the two plates of a
capacitor.
Resistance of a transmission line

The transmission line has electrical resistance (R) along its length. This
resistanceis usually expressed in ohms per unit length and existing continuously from one
end of theline to the other.
Leakage current

Since any dielectric, even air, is not a perfectinsulator, a small current known as
leakagecurrent flows between the two wires. In effect, the insulator acts as a resistor,
permitting current topass between the two wires. This property is called conductance (G)
and is the opposite of resistance.Conductance in transmission lines is expressed as
thereciprocal of resistance and is usually given inmicromhos per unit length.
5.8 Transmission line as distribution circuit

The equivalent circuit of a transmission line is shown in Figure 5.11. The
inductance (L), resistance (R), conductance (G) and capacitance (C) are distributed
uniformly along the entire length | of the transmission line. Each conductor of the line has
certain length and diameter. So, it is said to be a uniform transmission line. The analysis

based on this model is known as “Distributed parameter”” model of a transmission line.

R L
0 NE——renm 0
+
Input @ v G = Output
o 0
Figure 5.11

At radiofrequencies: The frequency of radio waves is very high, so the inductive
reactance (wL) is much larger than the resistance R i.e. oL >> R. Also the capacitive
substance (oC) is larger to the shunt conductance ‘G’ i.e. ®C >> G. Here we can write the
simplified equivalent circuit representation of a transmission line.

The are two ideal cases for any transmission line are
(a) infinite length (1 = o0 ) and

(b) lossless transmission line (i.,e. R=0and G = 0)
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5.9 Basic transmission line equations

The basic transmission line equations can be analysed either by using Maxwell’s
equations or distributed circuit parameter theory. The later has the more advantage than
the former because it involves only one space variable and use one dimensional
differential equations.

The current and voltage varies from point to point along the transmission line. The

various notations used in this derivation are given below.

R = Series resistance of the line

L =  Series inductance of the line

C =  Series capacitance between the conductors
G =  Shunt leakage conductance

olL=  Series reactance

oC=  Shunt capacitance

Z =  RtjoL, Series impedance
Y = Rt+joL, Shunt admittance
S = Distance measured form receiving end

I =  Currentin the line at any point
E =  Voltage between any two points in the conductor
L =  Length of the wire
The transmission line of length | can be made up of infinite T-sections as shown in
Figure 5.12.

I < ds 18
- i Xds —>
o : AN A% :
—* . .
i dr S vds } 5
o s l a .
Figure 5.12

The point under consideration is at a distance S from the receiving end. The length
of section is ds, hence its series impedance is Zds and shunt admittance is Yds. Here we
assume that L is variable If C is variable then R, L and G are constants.

The condition for distortionless transmission can be derived as follows.
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A line in which there is no phase or frequency distortion and it is correctly

terminated is called distortionless line.

v Ydx

Figure 5.13
Transmission line with series impedance Z and shunt admittance Y is shown in

Figure 5.13. Referring to Figure 5.13, we have in the more general case for sinusoidal
variation of V and | with R and C are not zero. Hence a series impedance

Z=R+joL ---5.83
and a shunt admittance

Y=G+joC ---5.84

Where o = 2xf, angular frequency

The square root of ZY is known as the propagation constant, y, which may have

real and imaginary parts. Hence the propagation constant (y) is given by

v=+(R+joL)G + joC) - 5.85

Squaring on both sides
v’ =(R+ joL)G + joC)
¥?* =RG + joRC + joLG —»’LC
In order to get minimum attenuation, RC = LG, hence we have
v =RG — 0’LC + joRC + joRC
v?* =RG —0’LC +2joRC

v =RG) - (ovLcT +2jore

2 _ 2 _ RC = LG or YRC+V/RC = J/LGYLG
v* =(RG) —(oVLC +2jo RC LG o TR - RO TG

v? = RG) - (oL f +2jo/RC LG

v? =[JRG) - (jowLC [ [+ (a—b)? =a? + b? — 2ab]
or yzwliRGi—jco\/E
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or

y=o0-]JB

---5.86

where o = real part i.e. attenuation constant = J(RG)

and B = imaginary part i.e. phase constant =

oV LC

This is the required condition for attenuation less i.e. loss less transmission line.

5.3.1 Comparison of Waveguide and Transmission Line Characteristics

Transmission line
* Two or more conductorsseparated by some
insulatingmedium (two-wire, coaxial,

microstrip, etc.).

* Normal operating mode is theTEM or
quasi-TEM mode (cansupport TE and TM
modes butthese modes are typically
undesirable).

» No cut-off frequency for the TEMmode.
Transmission lines cantransmit signals from
DC up tohigh frequency.

Significant  signal attenuation athigh
frequencies due toconductor and dielectric
losses.

* Small cross-section transmissionlines (like

coaxial cables) canonly transmit low power

levelsdue to  the relatively  high
fieldsconcentrated at specific
locationswithin the device (field levels

arelimited by dielectric breakdown).
* Large cross-section transmissionlines (like
power transmissionlines) can transmit high

powerlevels.

Waveguide
» Metal waveguides are typicallyone
enclosed  conductor  filledwith  an

insulating mediumwhile a dielectric
waveguide consists ofmultiple dielectrics.
» Operating modes are TE or TMmodes

(cannot support a TEMmaode).

» Must operate the waveguide at
afrequency above the respectiveTE or TM
mode cut-off frequencyfor that mode
topropagate.

attenuation  at

* Lower  signal

highfrequencies than transmission lines.

* Metal waveguides can transmithigh
power levels. The fields ofthe propagating
wave are spreadmore uniformly over a
largercross-sectional area than thesmall
cross-section transmissionline.

« Large cross-section (lowfrequency)
waveguides areimpractical due to large

size andhigh cost.
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